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EXAMPLES OF ANALYTICAL GEOMETRY OF 

THREE DIMENSIONS. 



I. The straight line and plane. 

Let 0-4, 0J5, 0(7 be three edges of a rectangular paral- 
lelepiped which meet in a point ; take for the origin and 
the directions of OA^ OB, OC for the axes of x, y, z re- 
spectively ; complete the parallelopiped ; let D be the vertex 
opposite to -4, ^ that opposite to B, F that opposite to 0, 
O that opposite to 0. Let 0-4 =a, OB=by OC=^c; and 
use these data in the following Examples from 1 to 11, 

ft 

1. Find the equation to the plane passing through 
A JE, F. 

2. Find the equation to the plane passing through 
G, A, B. 

3. Find the equation to the plane passing through G, O^A; 
also the equation to the plane passing through G, 0, 5. 

4. Find the equations to the line 0G» 

5. Find the equations to the lines EB and AD. 

6. Find the length of the perpendicular from the origin 
on the plane in Example 1. 

7. Find the length of the perpendicular from C on the 
plane in Example 2. 

8. Find the angle between the planes in Example 3. 

9. Find the angle between the line in Example 4, and 
the normal to the plane in Example 1. 

10. Find the angle between the lines in Example 5. 

T. A. a. 1 



2 THE STRAIGHT LINE AND PLANE. 

11. Find the equations to the line which passes through Oy 
and the centre of the face AEOF^ 

12. Interpret the equation 

ic* + y* + «* = (a cosa+y cos/3 + « COS7)', 
where cos* a -f cos*^ + cos' 7=1. 

13. Find the angle between the line 5= /q=~a;> ^^d 

OS 

the line -j^ — yy « = 0, 

14. Find the equation to the plane which contains the 
line whose equations are 

Ax-\-By+ Cz^D, A'x + By+ Cz^D\ 
and the point (a, ^, 7). 

15. Find the equation to the plane which passes through 
the origin and through the line of intersection of the planes 

Ax + By+Cz^D, and^'a?-f JB'y+(7'« = i)',• 
and determine the condition that it maj bisect the angle 
between them. 

16. Find the equation to the plane which passes through 
the two parallel lines 

g — g y — ft _ g — c ^ ^—o^^^y — J'_«— c' 
I " m n ' I m n * 

17. The equation to one plane through the origin bisect- 
ing the angle between the lines through the origin, the 
direction cosines of which are Z^, m^, n^, and Z,, wi,, n^, and 
perpendicular to the plane containing them is 

and the equation to the other plane is 

{li + ZJ 0? + (m^ + w,)y + K + «,) « = 0. 
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18. Shew that the equation to a plane which passes through 
the point (a, ^, 7) and cuts off portions a, h from the axes 
of X and y respectively is 



a b 7 (a J j 



19. Find the equation to the plane which contains a given 
line and is perpenmcular to a given plane. 

20. Shew that if the straight lines 

a? _ y _ 5? a: __ ^ z ^ _ .y _ « 

lie in one plane, then 

21. Find the length of the perpendicular from the point 
(1,-1, 2) upon the line x=y = 2z» 

22. Find the equation to the plane which passes through 
the lines 

x — a ^y — b ^Z'-c 

I m n ' 



X 



,«. — a y — b z — c 

and — jr- = — r- = — —• 
I m n 



23. Find the equations to a straight line which passes 
through the point (a, b, c) and makes a given angle with 
the plane 

Ax-i-By + Cz^O. 

24. Find the equation to the plane perpendicular to a 
given plane, such that their line of intersection shall lie in 
one of the co-ordinate planes, 

25. If the three adjacent edges of a cube be taken for the 
co-ordinate axes, find the co-ordinates of the points in which 

1—2 
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a plane perpendicular to the diagonal through the origin and 
bisecting that diagonal will meet the edges. 

26. Determine the plane which contains a given straight 
line, and makes a given angle with a given plane. 

27. A straight line makes an angle of 60^ with one axis, 
and an angle of 45^ with another ; what angle does it make 
with the third axis ? 

28. Interpret a? = y" = «', 

29. Find the condition that must hold in order that the 
equations 

x = ctf + bz, y^az + cx, z^bx + ay 

may represent a straight line ; and shew that the equations 
to the line then are 



X 



_ y _ 



V(l-a») V(l-i') V(l-c»)' 

30. Through the origin and the line of intersection of 
the planes 

a? cos a + y cos fi + zcosy ^p = 0, 
and a;cosaj+ycos^j+ircos7j— ^j=0, 

a plane is drawn; perpendicular to this plane and through 
its line of intersection with the plane of (a?, y) another plane 
is drawn ; find its equation. 

31. Find the equation to the plane which passes through 
a given point and is perpendicular to the line of intersection 
of two given planes. 

32. From any point P are drawn Pif, PN perpendicular 
to the planes of («, a?) and («, y)\ if be the origin, a, ^8, 7, d 
the angles which OP makes with the co-ordinate planes and 
the plane OMN^ then will 

cosec' Q = cosec' a + cosec' ^ + cosec* 7. 



THE STRAIGHT LINE AND PLANE. 5 

33. Apply the equation to a plane 

X cos a + y cos fi + z cos 7 = 8 

to prove the following theorem ; a triangle is projected on 
each of three rectangular planes ; shew that the sum of the 
pyramids which have these projections for bases and a com- 
mon vertex in the plane of the triangle is equal to the 
pyramid which has the triangle for base and the origin for 
vertex. 

34. Find the equations to the straight line joining the 
points (a, b, c) and (a , b', c) ; and shew that it will pass 
through the origin if aa' + bb' + 00'^=: pp\ where p and p! are 
the distances of the points respectively from the origin. 

35. Express the equations to the line 

a^x+b^y + c^z = a^-\-bjf-]rCji = a^ + hji-^-c^z 

in the form 

a;__ y _z 
I m n* 

36. Shew that the equations 

a^ + l _ /-f-l _ g'4-l 
a? + l "" y+1 "" « + l 

represent four straight lines, and that the angle between any 
two of them = cos*"* f - j . 

37. The equations to two planes are 

lx-\-my-\-nz^py Tx-\-my-\-nz=p\ 
where 

Z* + w» + n» = l, Z'' + m'* + w'* = l; 

find the lengths of the perpendiculars from the origin upon 
the two planes which pass through their line of intersection 
and bisect the angles between them* 
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38. Find the equation to a plane parallel to two given 
straight lines ; hence determine the shortest distance between 
two given straight lines. 

39. Find the equation to a plane which passes through 
two given points and is perpendicular to a given plane. 

40. There are n planes of which no two are parallel to 
each other, no three are parallel to the same right line, and 
no four pass through the same point ; prove that the number 

of lines of intersection of the planes is - (^ — 1), and that the 

number of points of intersection of those lines is 

n (n - 1) (n ~ 2) 
1.2.3 

41. Find the shortest distance between the point (a, /8, 7) 
and the plane 

42. Find the equation to the plane which passes throuffh 
the origin and makes equal angles with three given straight 
lines which pass through the origin. 

43. Determine the co-ordinates of the point which divides 
in a given ratio the distance between two points. 

Hence shew that the equation 

Ax + Bi/ + Cz = D 

must represent a plane, according to Euclid^s definition of a 
plane. 

44. Three planes meet in a point, and through the line of 
intersection of each pair a plane is drawn perpendicular to 
the third ; prove that in general the planes thus drawn pass 
through the same line. 

45* The equations to a line are 

a — ct/ + hz ^ — az + cx _ y — bx'\^at/ 
a b c ^ 

express them in the ordinary symmetrical form. 
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46. Find the condition that mnst subsist in order that 
the equations 

a + Tnz — ny = 0y ft + naj~fe = 0, c + ly^ mx = 

may represent a straight line ; and supposing this condition 
to be satisfied put the equations in the ordinary symmetrical 
form. 

47. Supposing the equations in the preceding question to. 
represent a straight line, find in a sjnnmetrical form the 
equations to the line from the origin perpendicular to the 
given line ; also determine the co-ordinates of the point of 
intersection. 

48. The locus of the middle points of all straight lines 

{>arallel to a fixed plane and terminated by two fixed right 
ines which do not intersect is a straight line. 

49. The equation to a plane is lx + my + nz=^0; find 
the equations to a line lying in this plane and bisecting the 
angle formed by the intersections of the given plane with the 
co-ordinate planes of {z, x) and («, y). 

50. A straight line, whose equations are given, Intersects 
the co-ordinate planes in three points; find the angles in- 
cluded between the lines which join these points with the 
origin ; and if these angles (a, )8, 7) be given, shew that the 
equation to the surface traced out by the line in all posi- 
tions is 

X \/(tan ot)+y hj{\jsji i8) + « V(tan 7) = 0. 
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II. Surfaces of the second order. 

61. If the normal n at any point of an ellipsoid termi- 
nated in the plane of (a;, y) maike angles a, ^, 7 with the 
semiaxes a, h, c, and p be the perpendicular from the centre 
on the tangent plane, then 

n.p^c^i and p^ = a' cos*a + V co&'/S + (? cos* 7. 

62. Find a point on an ellipsoid such that the tangent 
plane cuts off equal intercepts from the axes. Also find a 
point such that the intercepts are proportional to the axes. 

63. If a, i, c be the semiaxes of an ellipsoid taken in 
order, and 6, e* the excentricities of the principal sections 
containing the mean axis, shew that the perpendiculars from 
the centre on the tangent planes at eyerj point of the section 
of the surface made by the plane ahe'z = &ex are equal. 

54. From a given point (?, a line OP is drawn meeting 
a given plane in Q, and the rectangle OP, 0^ is invariable ; 
find the locus of P. 

65. Sections of an ellipsoid are made by planes which all 
contain the least axis; find the locus of the foci of the 
sections. 

56. Find the locus of a point which is equidistant from 
every point of the circle determined by the equations 

0^ ^-y* + «*= a*, ic -h Twy 4- n« =^. 

57. Shew that the section of the surface «' = xy by the 
plane z = a; +y 4- c is a circle. 

58. Interpret the equation 

05* +y* + «* = (ic + wy + w«)*. 

59. -4, JP, G are three fixed points, and P a point in space 
such that PJi + PI^ — PC^ ; find the locus of P, and explain 
the result when A CB is a right or obtuse angle. 
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rjf V* 7? 

60. Shew that the equation t + ts 4- -5 = 1, where a, i, c 
are in order of magnitude, may be written thus, 

where h and m are certain constants. Hence shew that two 
circular sections of an ellipsoid can be obtained by cutting it 
b]^ planes passing through its mean axis« 

61. A sphere (0) and a plane are gfven; shew that if 
any sphere (C) be described touching the plane at a given 
point and cutting (7, the plane of section always contains a 
given right line. Shew also that if the point of contact be 
not given, and if the plane of section always contain a given 
point, the centre of the sphere C will always be upon a given 
paraboloid. 

62. If A^ J?, G be extremities of the axes of an ellipsoid, 
and -4(7, BG jbe the principal sections containing the least 
axis, find the equations to the two cones whose vertices are 
-4, 5, and bases 5(7, A G respectively ; shew that the cones 
have a common tangent plane, and a common parabolic sec-^ 
tion, the plane of the parabola and the tangent plane inter- 
secting the ellipsoid in ellipses, the area of one of which is 
double that of the other ; and if I be the latus rectum of the 
parabola, Z^, Z, of the sections -4(7, jBC7, prove that 

1 = 1 + 1 

63. Tangent planes are drawn to an ellipsoid from a given 
external point; find the equation to the cone which has its 
vertex at the origin and passes through all the points of con- 
tact of the tangent planes with the ellipsoid. 

• 

64. If tangent planes be drawn to an ellipsoid from any 
point in a plane parallel to that of (a;, y), the curve whick 
contains all the points of contact will lie in a plane which 
^ways cuts the axis of z in the same point. 

* 

65. Shew that the tangent plane to an ellipsoid is ex- 
pressed by the equation 

i»+ wy + «« « ^(?a* + mV + nV). 
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66. Form the equation to the plane which passes throilgh 
a given point of an ellipsoid, through the normal at that point, 
and through the centre of the ellipsoid. 

67. ' A line passing through a given point moves so that 
the projection of any portion of it on a given line bears a con- 
stant ratio to the length of that portion ; find the equation to 
the surface which it traces out. 

68. Find the length of the perpendicular from a given 
point on a given straight line in space. 

Investigate the equation to a right cone, having the axis, 
vertex, and vertical angle given ; and determine the condition 
under which the section made by a plane parallel to one of 
the co-ordinate planes will be an ellipse. 

69. Determine the radii of the spheres which touch the 
co-ordinate planes and the plane a? + y + « = A- 

70. An ellipsoid is intersected in the s^^me curve by a 
variable sphere, and a variable cylinder; the cylinder is 
always parallel to the least axis of the ellipsoid, and the 
centre of the sphere is always at the focus of a principal 
section containing this axis. Prove that the axis of the cy- 
linder is invariable in position, and that the area of its trans- 
verse section varies as the surface of the sphere. 

71. Three edges of a tetrahedron, in length a, 5, and c, 
are mutually at right angles ; prove that if these three edges 
be taken as axes, the equation to the cone which has the 
origin for vertex, and for its base the circle circumscribed 
about the opposite face, is 

and that the plane ax + hy+cz^sQ is parallel to the sub- 
contrary sections of the cone. 

Find the corresponding equations when either of the other 
angular points of the tetrahedron is taken as vertex. 
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72. Tangent planes to the anrface whose equation is 

a b c 

pass through a point P; prove that a sphere can be described 
through the curve of contact provided -r be on a certain right 
line passing through the origin. 

73. A sphere touches each of two right lines which are 
inclined to each other at a right angle but do not meet ; shew 
that the locus of its centre is an hyperbolic paraboloid. 

74. Shew that by properly choosing the rectangular axes 
any two lines may be represented by the equations 



y = mx] y = — ^nx\ 

ZssC J' « = — c J* 



Determine the locus of a point which moves so as always 
to be equally distant from two given straight lines. 

75. A tangent plane to an ellipsoid includes between itself 
and the co-ordinate planes a constant volume ; find the locus 
of the points of contact. 

76. A tangent plane to an ellipsoid passes through a 
fixed point in one of the axes produced; find the point of 
contact when the volume between this plane and the co-ordi- 
nate planes is a minimum. 

77. Prove that the locus of a point whose distance from a 
fixed point is always in a given ratio to its distance fix)m a 
fixed Ime is a surface of revomtion of the second degree. 

78. Two systems of rectangular axes have the same 
origin ; if a plane, or an ellipsoid whose centre is the origin, 
cut them at distances a, ft, c, or a, b\ c, respectively, then 

i+i+i-i+i+i 
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79. If a moveable line make with any number of fixed lihes 
the angles 0^, 0,, ^s?-** so that 

ttj cos ^j 4- Oj 008 0^ + a, cos ^3+ .'.. = a constant, 

the lines all passing through a fixed point ; shew that the 
moveable line will always lie on the surface of a right cone. 

« 

80. Two prolate spheroids have a common focus. If 
their surfaces meet, the points of intersection will lie in 
planes which pass through the line common to the directrix 
planes. 

81. A cone passes through the principal section {b, c) of an 
ellipsoid ; shew that the other section is a curve in a plane 
perpendicular to that of (J, c) if the vertex of the cone be any 
point of the surface 

L4.L ^-1 

82. An ellipsoid is cut by a plane parallel to one of its 
principal planes; shew that all normals to the ellipsoid at 
points in tne curve of section pass through two straight lines 
situated in the other principal planes. 

83. An ellipsoid is constantly touched in two points by a 
sphere of given radius whose centre moves in one of its prin* 
cipal planes ; find the locus of the centre of the sphere, and 
shew that it will describe a portion of an equilateral nyperbola, 
if the plane in which it moves be that which contains the 
greatest and the least axes, and if the foci of the other prin- 
cipal sections be equidistant firom the centre of the ellipsoid. 

84. An elliptic cylinder is cut by a plane passing through 
the straight line which touches the base at the extremity of its 
axis minor ; shew that, if the sine of the inclination of the 
cutting plane to the base do not exceed the excentricity of the 
base, the locus of the foci of the section will be a circle. 

85. Find the curves of intersection of the surface 
with planes parallel to x+y + z=^(k 
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86. If a sphere be placed in a paraboloid of revolution, 
shew that the section of the paraboloid made by any plane 
drawn touching the sphere is a conic section having the point 
of contact for a focus. 

87. Shew that any plane parallel to the planes of (a:, z) or 
{y,z) will meet the stmace whose equation is xy^az in fL 
straight line ; if a plane be made to pass through that line 
and touch the surface will the planQ touch the sip&ce in every 
point of the line? 

88. Through, any point of the curve of intersection of the 
surfaces 



.. ..2 ^ 



a be ^ 

two straight lines can be drawn on the former surface at right 
angles to one another. 

89. Prove that the plane z =^mx + ny will cut the surface 
in two straight lines which are at right angles to one another if 

90. Shew that an infinite number of straight lines may be 
drawn lying on the surface whose equation is 

K two such lin^s be drawn through a point in the plane of 
[x, z) whose co-ordinates are (a?', z) the angle between them is 

cos • , 2.8 i T • 

a +0 +CZ 

Qj 1/ ^Z 

91. Prove that the points on the surface -j — ^ = — , the 

straight lines through which coincident with the surface are at 
right angles to each other, lie in a plane parallel to the plane 

of {Xf y) and at a distance from it equal to • 
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92. Determine the condition necessary in order that the 
plane Ix + my + n« = may cut the cone ayz + bzx + cxy = 
in two straight lines at ri^ht angles to eacn other ; and shew 
that in that case the straight line through the origin perpen- 
dicular to the plane will also lie on the cone. 

93. Find the relations between the coeflScients of the 
equation 

oic* + J/ + cz^ + ^ayz 4- 2 J'aj« + 2c' yx + 2a x -|- 2&"y + 2c' z =/, 
that it may represent a surface of revolution. 



c' ' a-h =^' 


da' ^-a"* 


-LI ' 

c—a 



If -^-« = 0, -j7— & = 0, -^-f^O, 

what is the nature of the surface? 

94. Determine the conditions that the equation 

aa? + by^ + cz^ + 2dyz + 2yzx + 2c'ay = 

may represent a right circular cone ; obtaining them in the 
form 

= 0. 

95. Find the relations between the coefficients of the 
equation 

oaj" 4- %* 4- cjs* + 2V0CZ + 2c yx 4- 2a x 4- 2Wy 4- 2d'z =f, 
that it may represent a surface of revolution. 

96. Prove that the right circular cylinders described about 
the ellipsoid 

b being the mean axis, axe represented bj the equation 
(^ - c^ a? - (c* - a«) y* + (a* - J') a» 
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97. Find the locus of the vertices of all right cones which 
have the same given ellipse as base. 

98. The semiaxes of an ellipsoid are a, J, c ; if planes are 
drawn through the centre to cut it in sections which have the 

constant area —j- , shew that the normals to these planes 

will all lie upon the cone 

^ («*-/*) + / (*' -f) + «• {c'-f) = 0. 

99. On every central radius vector of the ellipsoid 

whose centre is (7 is taken a point P such that irkCP is the 
area of the section of the ellipsoid made by the plane through 
G perpendicular to OP, where i is a line of constant length j 
shew that the equation to the locus of P is 

100. The sum of the squares of the reciprocals of the 
areas of the sections of an ellipsoid made by any three diame- 
tral planes at right angles to each other is constant. 

101. An ellipsoid and hyperboloid are concentric and 
confocal ; if a tangent plane be drawn to the asymptotic cone 
of the hyperboloid, the section of the ellipsoid will be of 
constant area. 

102. A sphere and an ellipsoid which intersect are de- 
scribed about the same point as centre ; prove that the 
product of the areas of the greatest and least sections of the 
ellipsoid, made by planes passing through the centre and 
toy point of the line of intersection of the two surfaces will 
be constant. 

103. Find the area of the section of the ellipsoid 

a Ir cr 
made by the plane ic-h wy + w« = 8* 
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104. Shew that the sections of a surface of the second 
order made bj parallel planes are similar curves. Having 
given the area of the section of an ellipsoid by the plane 
Ix + my^m^ 0, find the area of the section made by the 
plane h: + my+nz=S, 

105. If 8 be the area of a section of an ellipsoid made by 
a plane at the distance h from the centre, o that of the 
parallel section through the centre, and p the perpendicular 
from the centre on the parallel tangent plane, shew that 



8 



.«■(.*•). 



106. Tangent planes are drawn to an ellipsoid from a given 
point; shew that an ellipsoid similar to the given ellipsoid 
and similarly situated can be made to pass through the given 
point, the points of contact, and the centre of the given 
ellipsoid. 

107. Normals are dxawn to the ellipsoid 

aj» v" «' 
a c 

at the points where it is intersected bv the plane z = h. 
Shew that the locus of the intersection of these normals with 
the plane of (», y) is the ellipse 

^'^ , fb* _ y 

108. All the nonnals to an ellipsoid meet the plane of 
{x, y) within an ellipse whose equation is 



aV 






Determine what is represented by the following equations. 
109. 5y'-2a:^-«' + 4ay-6y« + 8a:«-l«0. 
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110. 2y'-5a:^4-2a"+10i»y + 4y« + 4y+16« + 18 = 0, 

111. 4y*-9a;'4-2a:;y + 36a;-8y-4«-32 = 0, 

112. y*~4a5y + 4iB"-6aj + 3«-0. 

113. a'~y' + «*-4a:y + 6aj«--2y2f=/ 

1 14. {ay - Ja?)* + (ex - azf + (J^? - cy)' =/. 

115. ay + xz + yz — 2x + Qff — Sz =/. 

116. Qcy+yz-i-xz^a*. 

117. Find the centre of the surface 

{ay + fix-cyy^ofi{xy-z'^, 

118. Find the centre of the surface 

x* + ^ + «' + ^xy — 2x2 — Ayz + 2x4-4y — 2« = 0. 

119. Find the centre of the surface 

x* + 2y'-{'3z^ + 2{xy-{'yz + xz)+x+y + z = l. 

120. Shew that the equation yz + zx -\' ay==a^ may be 
reduced to 

2x' - (y* + «') = 2(i' 
by transforming the axes. 

121. Shew that the equation 

a?" + ^ + «" 4- a^ + y « + «x =5s a* 

represents an oblate spheroid whose polar axis is to its equa« 
toreal in the ratio pf 1 to 2, and the equations to whose axis 
arex=y = «, 

122. What is represented by the following equation? 

a? +y^ + z^ +fe {xy +yz + zx) =^f. 

123. If two concentric surfaces of the second order have 
the same foci for their principal sections they will cut one 
another everywhere at right angles. 

T. A. G. 2 
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124. Find the locns of the intersection of three planes at 
right angles to each other, each of which touches one of the 
following three ellipsoids, 

a? j^ z^ a? ^ ** 1 

125. Determine the position of the circular sections of an 
hyperboloid of two sheets, and shew that the same plane will 
cut the asymptotic cone in a circle. 

126. If ar^, y^, z^; a?,, y„ «,; a?,, y^, z^ be the co-ordinates 
of the extremities of a set of conjugate diameters of an 
ellipsoid, shew that 

x^^x;+x:^a\ y^+y:^y;^h\ z,'+z,'+z,'=<^, 
^iyi+a'.y«+«8y8=^» a?i«i+a;,«,+a?32?3 = 0, y^^^+y^^+y^s''^ 0. 

127. If spheres be described on three semi-conjugate 
diameters of an ellipsoid as diameters, the locus of their inter- 
section is the surface determined by 

aV-fiy + cV^SCa^'+Z + ^y. 

128. A plane is drawn through the extremities of three 
semi-conjugate diameters of an ellipsoid; find the locus of the 
intersection of this plane with the perpendicular on it from 
the centre. 

129. Tangent planes at the extremities of three conjugate 
diameters of an ellipsoid intersect in the ellipsoid whose 
equation is 

^ + 2^ + l*-3 
a cr 

130. A prolate spheroid is cut by any plane through one 
of its foci ; prove that the focus is a focus of the section. 
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131. Shew that the locus of the diameters of the ellipsoid 

which are parallel to the chords bisected by tangent planes to 
the cone . 

j + |i-y = 0,18 the cone --;- + ^-:ij- = 0, 

132. If three straight lines at right angles to each other 
touch the ellipsoid 

a? ^ ^_ 

and intersect each other in the point {x\ y\ z) shew that 

133. Find the greatest angle between the normal at anj 
point of an ellipsoid, and the central radius vector at that 
point 

134. If four similar and similarly situated surfaces of the 
second order intersect each other, the planes of their inter- 
sections two and two all pass through one point. 

135. If three chords be drawn mutually at right angles 
through a fixed point within a surface of the second order 

whose equation isw = 0, shew that S-5 — will be constant 

where R and r are the two portions into which any one of the 
chords drawn through the fixed point is divided by that 
point. 

Prove also that the same will be true if instead of the fixed 
point there be substituted any point on the surface whose 
equation v&u^c. 

136. Let -rs-^=s-be the equations to a straight line: 

t m n ^ 

find the equation to a surface every point of which is at the 
same distance from this line as from the point (a, /S, 7) ; and 
shew that the plane Ix '\' my '\- nz ^i cuts the surface in 
a straight line. 

2—2 
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137. A and B are two similar and concentric ellipsoids, 
the homologous axes being in the same straight line ; C is 
a third ellipsoid similar to either of the former, its centre 
being on the surface of By and axes parallel to those of ^ 
or B; shew that the plane of intersection of A and C is 
parallel to the tangent plane to B at the centre of C. 

138. K a parallelepiped be inscribed in an ellipsoid its 
edges will be parallel to a system of conjugate diameters. 

139. The edges of a parallelepiped are 2a, 2i, 2c ; shew 
that an ellipsoid concentric with it and whose semidiameters 
parallel to the edges are a V2, b V2, c ^2, intersects the faces 
m ellipses which touch each other and the edges. 

140. Two similar and similarly situated ellipsoids are cut 
by a series of ellipsoids similar and similarly situated to the 
two given ones, so that the planes of intersection of any one 
of the series with each of the given ellipsoids make a right 
angle with one another. Shew that the centres of the series 
of ellipsoids lie on another ellipsoid^ 

141. If pyramids be formed between three conjugate dia- 
metral planes of an ellipsoid and a tangent plane, so that the 

Sroducts of the intercepted portions of the three conjugate 
iameters may be the least possible, the volumes of all these 
pyramids will be equal. 

142. If from any point in an ellipsoid three straight lines 
are drawn mutually at right angles, prove that the plane 
which passes through their intersections with the surface 
passes through a point which is fixed so long as the original 
point is fixed. Aiid shew that if the position of the ori^nal 
point on the surface is changed the locus of the point is an 
ellipsoid whose semiaxes are 



where 



a* 


-ilf 


h*- 


-2A» 


(?■ 


-2ifc» 




a ' 




t> ' 




c ' 
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1 
"a* 


-^ 


1 
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143. If two right circular cones whose axes are parallel 
intersect, the projection of their curve of intersection on the 
plane passing through the axes is a parabola. 

144. An ellipsoid is cut by a plane the distance of which 
from the centre bears a constant ratio to its distance from the 
parallel tangent plane; shew that the volume of the cone 
whose base is the section and vertex the centre of the ellipsoid 
is invariable. 

145. Shew that by properly choosing oblique axes the 
equation to an ellipsoid may be put in the form 

ic^-fy* + «• = «"; 

shew that an infinite number of systems of suitable axes can 
be found. 

146. Determine whether the equation to an hyperboloid 
of one sheet can always be put in the form 

by properly choosing oblique axes.. 

147. A straight line revolving tound an axis which it 
does not meet generates an hyperboloid. 

148. Prove that the equations to the principal axes of 
the surface 

aa?-\- hy^ + C2* + 2ayz + 2Vxz + 2c'ay = 1 
are 

a;{a> + a) - JV} ^y[V (/*+ J) - cV} = z {c> + c) -a'J'} ; 

/Lt being determined by the equation 

- c"* OiA + c) + 2a'6V = 0. 

149. In an ellipsoid the sum of the lengths of three con- 
jugate diameters is greatest when the dianieters are equal. 
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150. A surfkce of the second order circumscribes a tetra- 
hedron and each face is parallel to the tangent plane at the 
opposite angular point ; shew that the equation to the surface, 
taking as oblique axes the three edges of the tetrahedron which 
meet in one of its angular points, is 

151. Shew that the centre of the surface in the preceding 
question coincides with the centre of gravity of the tetra- 
hedron. 

152. If two hyperboloids of one sheet have their corre- 
sponding axes equal and parallel, shew that they intersect in 
a plane curve, the plane of which is parallel to the diametral 
planes conjugate to the line joining their centres ; and find 
where it cuts this line. 

153. Shew that any plane which contains two parallel 
generating lines of an hyperboloid of one sheet passes through 
the centre of the surface. 

154. The points on an ellipsoid, the normals at which 
intersect the normal at a fixed pointy lie on a cone of the 
second order whose vertex is the fixed point, 

155. Normals are drawn to an hyperboloid of one sheet 
at points lying along a generating line; shew that these 
normals are all parallel to a fixed plane. 

156. If one of the co-ordinates of an ellipsoid be produced 
so that the part produced equals the sum of the other two, its 
extremity will trace out a concentric ellipsoid whose volume 
is equal to that of the original ellipsoid. 

157. Investigate the conditions necessary in order that 
the equation 

aa? + hy^-\-cz^ + 2a yz + 2b' zx + 2c xy = 
may represent two planes. 
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158. The equation to a surface of the second order Is 

+ 2a"a5 + 2A"y + "Icz +/= ; 

shew that the diametral planes will be parallel to a given 
line if 

aa'» + W^ + cc^ - abc - 2a'4'c' = 0, 

and to a given plane if 

a'«-.5c = 0, J'«-ac = 0, c^-aJ^O. 

159. Find the line in which the two surfaces intersect 
whose equations are 

a?" cos 2^j + / cos 2^, + a* cos 2^, + Ixy cos {B^ + Q^ 

+ 2;5a; cos {6^ + ^3) -f 2;5y cos (^5, + ^3) = 0, 

aj^ sin 2^j + y* sin 2^, + «* sin 2^, + 2a:y sin [Q^ + ^,) 

+ 2;5a; sin {B^-^-B^ + 2;5y sin (^5 + ^,) =0. 

160. Shew that the cones determined by 

X {yh + zc — xob) ^yizc + xa-- yb) 
A "" B ^' 

, y{zc-\-xa^ yh) _ z {oca + yh — zc) 

and ^ ^ -, 

intersect in the line determined by 

x y z . 



A{Bb'\-Cc-Aa) B{Gc + Aa-Bb) CiAa-k-Bh-GcY 
and find the other lines in which they intersect. 

161. Find the excentricity of any section of a paraboloid 
of revolution in terms of the angle of inclination of the cutting 
plane to the axis. 

162. If through any fixed point chords be drawn to an 
ellipsoid, the intersection of pairs of tangent planes at their 
extremities all lie in one plane# 
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163. Let 5 be a fixed point, and EFy LM two fi^ed 
straight lines; take a point P such that if PQ be drawn 
perpendicular to EF to meet LM in Q, then PQ may bear 
an invariable ratio to 8P] shew that the locus of P will be 
a surface of the second order. Shew also that when 8P, PQ 
dre unequal, a section of the surface by a plane perpendicular 
to EF\& a circle, and that when SP^ PQ are equal the surface 
has no centre. 

164. The equation — ^ 5 = 1, by varying c, repre- 

sents a series of spheroidal surfaces. If normals be drawn to 
the spheroids fi'om a fixed point in the axis of a, their inter- 
sections with the sur&ces will lie on the surface of a given 
sphere. 

165. An ellipsoid and hyperboloid of two sheets have the 
same principal diameters, both in magnitude and position. 
Let any tangent plane be drawn to the ellipsoid at a point P; 
this will intersect in general the hyperboloid in a plane curve, 
through which if there be drawn any three tangent planes to 
the latter surface thev will meet in a point P which lies on 
the ellipsoid. Also if P' be the point of contact of a second 
tangent plane to the ellipsoid, P will be the intersection of a 
second set of tangent planes to the hyperboloid, drawn as 
before. 

166. Two spheres being given in magnitude and position, 
every sphere which intersects them in given angles will touch 
two other fixed spheres and cut another at right angles. 

167. The surface of an ellipsoid is represented by the 
equations 

a;=acosa, y = icos)8, « = ccos7; 

shew that the thyee lines whose direction angles are (a, /8, 7, &c.) 
corresponding to any system of conjugate diameters are per- 
pendicular to each other. 

If CPj, CP„ CP, be drawn perpendicular to three con- 
jugate tangent planes 

1 . 1 , 1 _ 1 , 1 1 . 



CP* " CF* " CP* a*^h*^ c' 
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stxii if they cut the ellipsoid in points Q^j Q^, Q^, respectively, 
1 1 1 _ 1 , 1 1 



168. A plane is drawn according to a certain assigned law 
cutting an ellipsoid ; find the locus of the vertex of the cone 
which touches the ellipsoid in the curve of intersection. 

If a, i, c be the semiaxes of tlie ellipsoid - 4- ^ + - = 1, the 
equation to the cutting plane, a, /8, 7, being connected by the re- 
lation "5 + oa + 71 = constant, the locus is a sphere. 

169. Shew that the tangent lines to an ellipsoid from an 
external point touch it in a plane curve, and find the equations 
to the curve. 

If the external point lies on a fixed plane, shew that the 
plane of contact passes through a fixed point ; determine its 
co-ordinates. 

If the external point lies on a fixed line, the plane of con- 
tact contains a fixed line ; determine its equation. 

170. If lines be drawn from any point of the surface 
^+7?+-* — 75 = 0? to touch the surface -i + p + T — 1 = 0; 

shew that the planes in which the curves of contact lie all 
touch the sphere a?+y* + z*=^I^. 

171. If lines be drawn from the centre of an ellipsoid 
(whose semiaxes are a, &, c) parallel to the generating lines of 
an enveloping cone, the conical surface 8 so formed will inter- 
sect the ellipsoid in two planes parallel to the plane of contact. 
The locus of the vertex of the enveloping cone which causes 
one of the planes to coincide with the plane of contact is 



^a T^ x2 T^ ^a "~ ^ > 



and the locus of the vertices of all cones formed in the same 
manner as 8 which intersect the ellipsoid in plane curves, is 
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the straight line joining the centre of the ellipsoid and the, 
vertex of the enveloping cone. 

172. Three cylinders circumscribe a given ellipsoid; the 
axes of the cylinders are mutually at right angles ; shew that 
the sum of the squares of the areas of sections of the cylinders 
by planes respectively perpendicular to their axes is constant. 

173. Of all cones which envelope an ellipsoid, have their 
bases in the tangent plane at a given point P, and are of the 
same altitude, that is the least which has its vertex in the 
diameter through P; and of all which have their vertices in 
this diameter, that is the least whose axis is twice that 
diameter. 

174. If a globe be placed upon a table the breadth of the 
elliptic shadow cast by a candle (considered as a luminous 
point) will be independent of the position of the globe. 

175. In the preceding example, if an ellipsoid having its 
least axis vertical be substituted for the globe, determine the 
condition of the shadow of the globe being circular. It may 
be shewn that the locus of the luminous point must be an 
hyperbola, and that the radius of the circuhu: shadow is inde- 
pendent of the mean axis of the ellipsoid. 

176. Of a series of cones enveloping an ellipsoid, the 
vertices lie on a concentric ellipsoid, similar to the given one 
and similarly situated. Prove that any two cones of the 
series intersect one another in two planes. 

177. Prove that if, in the preceding example, the vertices 
are supposed to lie also on a third ellipsoid concentric with the 
other two and similarly situated, and whose axes are respec- 
tively as the squares of theirs, these two planes are at right 
angles to one another. 

178. A cylinder is circumscribed about an ellipsoid, and at 
the extremities of the diameter parallel to the generating 
lines of the cylinder tangent planes are drawn : shew that the 
volume of all cylinders so shut in is constant. 

179. The locus of the vertex of a cone which envelopes a 
given ellipsoid {A) is a straight line passing through the. 



SURFACES OF THE SECOND OBDEB. 27 

centre of (A) ; an ellipsoid similar to A and similarly placed has 
the vertex of the cone for centre and cuts the cone m a cnnre 
(J3). If the major axis of this ellipsoid yaiy as the distance of 
its centre from -4's, prove that the locus of £ is an elliptic 
cylinder. 

180. Suppose a cylinder to envelope an ellipsoid, and sup- 
pose a tangent plane to be drawn to the ellipsoid at one 
extremity of the diameter which is parallel to the axis of the 
cylinder. Let a line be drawn from the centre of the ellipsoid 
to meet the ellipsoid, the above tangent plane, and the en- 
veloping cylinder ; and suppose r, s, t to denote the respective 
distances of the points oi mtersection from the centre of the 
ellipsoid. Shew that 

f 

181. Suppose a cone to envelope an ellipsoid; let If be 
the distance of the vertex from the centre of tne ellipsoid, 2jB 
the length of the diameter of the ellipsoid which is in the 
direction of the line joining the centre of the ellipsoid with the 
vertex of the cone; and suppose a tangent plane to be drawn 
to the ellipsoid at one extremity of this diameter. Let a line 
be drawn from the centre of the ellipsoid to meet the ellipsoid, 
the above tangent plane, and the enveloping cone ; and sup- 
pose r, 8y t to denote the respective distances of the points of 
intersection from the centre of the ellipsoid. Shew that 

182. Let ^ {x,tf,z)^0 be the equation to a surface of 
the second order ; if tangent lines be drawn to it from the 
point (a, /3, 7), shew that the equation to the plane which 
contains all t^e points of contact is 

2„ + (^_a)^+(y-/3)^+ (^-7)^ = 0, 

where » = ^ (a, fi, 7). 
: 183, Let ^ (a?, y^z)^0 be the equation to a surface ot 
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the second order; then the equation to the enveloping cone 
which has its vertex at the point (a, /8, 7) is 

2«|(«>-a)^+(y-/3)^ + (.-7r^ 



du , ^y du , V du] * 



where w = ^ (a, )8, 7). 

Ex. Determine the enveloping cone of the surface 

-J + ^ + 3 = 1, from the point (a, J, c) as vertex. 

184. Let <h{x,f/jz}^0 be the equation to a surface of 
the second order; then the ec^uation to the enveloping cy- 
linder which has its generating lines parallel to the line 
X y z . 

C m n 

1. oar ay^ a« aa;ay ay<MJ cteoKcj 

/, du du du\* 

where u^^{x, y, is?). 

Ex. Determine the enveloping cylinder of the surface 
-5 + ^ +— a = 1, which has its generating lines parallel to the 

^. X y z 
line-=f = -. 
a c 

185. Shew that the surface 

(aa: + iy + c« - 1)* + 2a yz + 2b' zx + 2c xy = 
iouches the co-ordinate axes; and find the equation to the 
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cone which has its vertex at the origin and passes through the 
curve of section of the surface by the plane through the points 
of contact. 

186. Lines are drawn through the origin perpendicular t9 
the tangent planes to the cone 

oar* + J^ + ca* + 2a y« + 2J'2a?+ 2c'ay = ; 

shew that they will generate the cone which has for its equa- 
tion 

+ 2 {b'c - ad) tfZ'\-2 {c'd - hV) zx-\-2 [dV - cc') a?y = 0. 

Shew also that if lines he drawn through the origin perpen- 
dicular to the tangent planes to the second cone they will 
generate the first cone. 
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III. Sfwrfobces in generals 

187. If a sphere pass through the origin of co-ordinates 
and its centre is on the snrfiice defined hj the equation 

the sum of the spherical surfaces cut off bj the co-ordinate 
planes is constant and ^ 2irb^. 

188. A straight line drawn from the centre of an ellipsoid 
meets the ellipsoid in P and the sphere on the diameter 2a 
in Q ; shew that the tangent planes at P and Q contain a 
constant angle a if the co-ordinates of P satisfy the equation 

189. If a straight line be drawn from the centre of an 

hjrperboloid whose equation is -« + zi — 5=»1 to meet the 

surface in P, P, and a point Q be taken in CP produced 
such that CP^^l{QP+ QP'), where Z is a constant, shew 
that the locus of Q is defined bj the equation 






190. The shadow of a given ellipsoid thrown by a lumi- 
nous point on the plane which passes through two of the 
principal axes has its centre on the curve in which the same 

I)lane mtersects the ellipsoid ; shew that the equation to the 
ocus of the luminous point is 






191. If light fall from a luminous point whose co-ordi- 
nates are a, /3, 7, on a surfSace whose equation is ayz = m', the 
boundary of light and shade lies on an hyperboloid of one or 
two sheets according as the product of a, )3, 7, is negative or 
positive. 
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192. Tangent planes to an ellipsoid are drawn at a given 
distance from the centre; find the projections on the prin- 
cipal planes of the cnrVe which is the locus of the points of 
contact. In what case will one of these projections consist of 
two straight lines ? 

193. Shew that the surfaces whose equations are 

and (aj-c)* + y' + «*--a*=:0, 

touch one another; and that the projection of the curve of 
contact on one of the co-ordinate planes is a circle, and on 
the other a parabola. 

194. Two circles have a common diameter AB and their 
planes are inclined to each other at a given angle; on PP 
any chord of one of them parallel to AB is described a circle 
with its plane parallel to that of the other circle; shew that 
the surface generated by these circles is an ellipsoid the 
squares of whose axes are in arithmetical progression. 

195. Find the equation to the surface generated by 

straight lines draWn through the origin parallel to normals 

a? V* «* 
to the surface -5+^ + ;j=l at points where it is intersected 

a? 1^ z^ 

by the surface ^^ ,, + ,a_ ^ + jTJtS = 1 5 ^ being greater 

than c and less than a. 

196. An ellipse of given excentricity moving with its 
plane parallel to the plane of (y, z) and touching at the ex- 
tremities of its axes the planes of {x, y) and {x, z) always 
passes through the curve whose equations are y^x, cz = a?; 
find the equation to the surface generated, and determine the 
volume bounded by the surface and two given positions of 
the generating ellipse. 

197. Shew that the sur&ce determined by 

\ax + by+czj 

is cut by planes paralld to the plane of {x, y) in straight 
lines. ^ 
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198. A tangent line to the surface of the ellipsoid 

passes through the axis of z^ and a given curye in the plane 
of (a?, y) ; shew how to find the equation to the surface gene- 

rated by it. Ex, The curve being ;3+m = w'> shew that 

the surface is a cone of the second order. 

199. Find the differential equation to the surface gene- 
rated by a straight line which passes through two given 
curves and remains parallel to the plane of {x, y). Shew that 

the equation x^{y — h) tan - represents such a surface. 

200. Determine the surface generated by a straight line 
which moves parallel to the plane of (a?, y)y and passes through 
the axifii of z and through the curve given by 

-+2^ + -=l ? + 2f = l 



201. Determine the surface generated by a straight line 
iiich moves parallel to the plan 
the following curves (1) ana (2) 



which moves parallel to the plane of {x,y) and passes th?x)ugh 

id: (2); 



?+?=!' y=^ W' 

^ + ^; = l, x^O (2). 

202. A surface is generated by a straight line which 
always passes through the two fixed straight Imes 

y = mXy z^c; and y = — tnx^ z^'-c\ 

i)rove that the equation to the surface generated is of the 
brm 

mcx^yz ^ M f mzx — cy \ 
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203. If a ruled surface be such that at any point of it 
a straight line can be drawn lying wholly on the surface and 
intersecting the axis of z^ then at every point of the surface 

204. The general equation to surfaces generated by a 
straight line which is always parallel to the plane 

Ix + my + n^ = 0, 



, /, , dz\^ d^z ^ 



205. Find the equation to the surface generated by a line 
which always passes through each of two given lines in 
space, and also through the circumference of a circle whose 
plane is parallel to tnem both, and whose centre bisects the 
shortest distance between them, 

206. A surface is generated by a straight line which 

always intersects the line — j — ^^ — = , and is parallel 

to the plane Xaj-f /ly + v^ssO; find the functional equation 
to the surface ; also find the differential equation^ 

207. Find the general functional equation to surfaces gene- 
rated by the motion of a straight line which always intersects 
and is perpendicular to a given straight line. 

If a surface whose equation referred to rectangular axes is 

aa;'+V+c«^+2ay;5+2J'«a;+2c'£cy+2a"aj+26'y4-2c''a+l==0 

be capable of generation in this manner, shew that 

a + ft + c = 0, aa"^ + hV^ -^-cc^^ ^a'Vc -f ahc. 

208. Shew that xyz =^c{a? — y') represents a conoidal sur- 
face. 

T. A. G. 3 
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209. Shew that the condition in order that 
00?" + iy + c«" + 2a"a; + 2&"y + ^c'z =/ 

may represent a conical snrface is 

a ^ c "^ 

210. Shew that in order that the equation 

a^-V Jy'+c«' + Idyz + 2J'«a; +2c'ary+ 2a"a;+2y y +2c"2J +/=0 
may represent a cylindrical surface, it is necessary that 

>«" V* >." 

A 



aa — Vc bV — c'a cc' — ab 
Is this condition sufficient as well as necessary ? 

211. Explain the two methods of generating a develop- 
able surface; find the differential equation to deyelopable 
surfaces from each mode of generation. 

212. Are the following surfaces developable? 

(1) anfz==a^; (2) z-^c^»J{xy). 

213. Find the differential equation to a surface whose 
tangent plane at any point includes with the three co-ordinate 
planes a pyramid of constant volume ; shew that the surface 
is generally developable. 

214. Find the equation to the surface in which the tan- 
gent plane at {xy y^ z) meets the axis of 2; at a distance from 
the origin equal to that of (a?, y, z) from the origin. 

215. Find the equation to the surface in which the tan- 
gent plane at (2;, y, z) meets the axis of 2? at a distance 



2** 



from the oririn. If n = l, give that form to the arbitrary 
function which will produce the equation to an ellipsoid. 

216. A plane passes through (0, 0, c) and touches the 
line 

determine the locus of the ultimate intersections of the plane. 
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217. Tlii:ee points move with given uniform velocities 
along three rectangular axes from eiven positions ; shew how 
to find the surface to which the plane passing through their 
contemporaneous positions is always a l^gent 

218. Spheres of constant radius r are described passing 
through the origin ; find the envelope of the planes of contact 
of tangent cones having a fixed vertex at the point (a, by c). 

219. ^ Find the locus of the ultimate intersections of a 
series of planes touching two parabolas which lie in planes 
perpendicular to each omer and have a common vertex* and 
axis. 

220. The sphere a? + ^ + ;5* = 2aaj+2&y + 2c« is cut by 
another sphere which passes through the origin and has its 
centre on the surface 

shew that the equation to the envelope of' the planes of inter* 
section is 

ax by cz 

221. From each point of the exterior of two concentric 
ellipsoids, whose axes are in the same directions, tangent 
planes are drawn to the surface of the interior ellipsoid ; shew 
that all the planes of contact corresponding to the several 
points of the exterior surface touch another concentric ellipsoid. 

222. From any point P in the surface of an ellipsoid 
straight lines are diawn so as each to pass through one of 
three conjugate diameters, and be parallel to the plane con- 
taining the other two; these lines meet the surface again 
in Pj, P,, P,; find the equation to the plane which |)asses 
through these points, ana the locus of the ultimate inter- 
sections of all such planes, the diameters remaining fixed 

while P moves ; and shew that its volume = q7 of that of the 

ellipsoid. 
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223. A cone enyelopes the ellipsoid 

a c 
and its vertex moves on the similar ellipsoid 

{x-aY (y-fiY (z-yy 

shew that the plane of contact touches the surface 

224. Three ellipsoids are represented by the following 
equations : 

Aa? + By' + C^ = a* (1), 

A^a? + B'l/' + C^ = a* (2), 

A'a? + By + (Tz* = a* , (3). 

If tangent planes be drawn to (2) from every point of (1), the 
successive positions of the planes of contact wul touch (3). 

225. One axis of an ellipsoid is gradually increased while 
the volume remains constant, and the section containing the 
other axes similar ; find the enveloping surface. 

226. Prove that an infinite number of plane centric sections 
of an hyperboloid of one sheet may be drawn, each possessing 
the following property, viz. that the normals to the surface at 
the curve of section all pass through one or other of two 
straight lines lying in the same plane with the two possible 
axes. 

Shew that these centric planes envelope the asymptotic 
cone. 

227. Prove that the envelope of a sphere of which any one 
of one series of circular sections of an ellipsoid is a diametral 
plane, is another ellipsoid touching a sphere described on the 
mean axis of the former ellipsoid as diameter, in a plane per- 
pendicular to any one of the same series of circular sections. 
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228, Find the envelope of a sphere of constant radius hav- 
ing its centre on a given circle, and determine the section "by 
a tangent plane perpendicular to the plane of the circle. 

229. From every point of the surface 

^z{h?-\'iy)-\-W[a?^-^)^0 (1), 

as vertex enveloping cones are drawn to the paraboloid 

IVz -(£»» + If) = (2). 

Shew that the planes of contact all touch the surface 

4s {h?-¥ ly) - {ra^+ry) = o. 

Also shew that the surface (1) contains the directrices of all 
the sections of (2) Inade by planes through its axis. 
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IV. Curves. 

230. A curve is determined by the equations x^ z^a, 
and a?*+y* + «* = «'; find the points where the tangent makes 
an angle /9 with the axis of z. 

231. Find the equations to the tangent to the curve 

232. Find the equations which determine the tangent to 
the curve 

y ■ = oo; — a^, i2?' = a' — ax. 

233. Find the equations to the curve traced out on the 
surface 

^ . y" 

— + V = « 
a 

by the extremities of the latera recta of sections made by 
planes passing through the axis of z. 

234. Having given the equations to a curve in space 
referred to three rectangular axes, find the length of the per- 
pendicular firom the origin upon the tangent at any point. 

Ex. a;=acos^, y = asin^, « = -(e* + e"*). 

Prove that if the perpendicular be invariable either the 
curve or its involute lies on the surface of a sphere. 

235. A perpendicular is drawn from the origin on the 
tangent to a curve at the point (oj, y, z). If x\ y\ z are the 
co-ordinates of the foot of the perpendicular, shew that 

, dx f dx ^ dy dz\ 

, dy ( dx ^ dy , dz\ 

, dz f dx , dy dz\ 
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236. Shew how to determine the locus of the feet of the 
perpendiculars from the origin upon the tangent lines to a 
given curve. 

The equations to the curve being a? = a cos 0, y^a sin 0y 
z = c^, shew that the locus is a curve lying on the surface 

237. A curve is traced on a sphere so that its tangent 
makes always a constant angle with a fixed plane ; find its 
length irom cusp to cusp. 

238. Find the equation to the normal plane to a curve 
at any proposed point; if the normal plane always passes 
through a fixed straight line, shew that tne curve is a circle. 

239. Find the direction cosines of the line in which the 
normal plane at any point of a curve meets the osculating 
plane at that point, 

240. Find the equation to the osculating plane at any 
point of the curve 

x=^a cos tj y^bsmty z = ct. 

241. If {x, y, z) be any point on a curve, shew what 
plane is represented by the equation 

242. Find the value of the radius of absolute curvature 
from the consideration that it is the perpendicular firom 
{x, y, z) on the plane in the preceding example. 

243. Find the radius of curvature of the curve 

1+1=1, .«+.«=««, 

at any point. 

244. Determine the radii of absolute and spherical curva- 
ture and the co-ordinates of the centres in the case of a helix. 

245. Required the locus from which three given spheres 
will appear of equal magnitudes. 



xyz = cf. 
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246. A trianmilar pyramid upon a given base is such 
that given lengths being measured along the three edges 
from the base the remainders of the edges are always equal 
to one another ; shew that the locus of the vertex is a conic 
section. 

247. Required the locus of the vertex of a cone of revo- 
lution whose base is a given conic section. 

248. A point moves on the cone y* + «' = niV so that 
the tangent to its path is inclined to the axis of the cone at a 
constant angle /8 ; shew that the locus of the point is deter- 
mined by the equation to the cone together with the equation 

h loe - = sin"* -^ , 
. c mx 

where k = — -^j and c is a constant. 

m 

249. Shew that a curve drawn on the surface of a right 
cone BO as to cut the generating lines at a constant angle is a 
curve of constant inclination to the base of the cone, and that 
the consecutive distances between the points in which it cuts 
any one generator axe in geometrical progression. 

250. From the vertex of a right cone two curves are 
drawn on the surface cutting all the generating lines at con- 
stant angles which are complementary ; shew that the sum of 
the inverse squares of the arcs intercepted between the vertex 
and a given circular section is independent of the magnitudes 
of the complementary angles. 

251. Find the curves of greatest inclination to the co- 
ordinate planes on the surface of which the equation is 



252. Find the curves of greatest inclination to the plane 
of (a?, y) on the surface cz = xy. 

253. Tangent planes are drawn to the surface cz = xy eX 
all points where this surface is intersected by the cylinder 
Q? = ay\ find the equations to the edge of regression of the 
developable surface formed by the intersection of these tan- 
gent planes. 
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264. Find the angle between the osculating planes at two 
consecutive points of a curve. 

255. The shortest distance between the tangents at two 

consecutive points of a curve of double curvature is ^^ ^ , 

where Ss is the length of the arc between the two points, S<f} 
is the angle between the osculating planes at the two points, 
and p is the radius of absolute curvature. 

256. Shew that the edge of the developable surface 
formed by the locus of the ultimate intersections of normal 
planes oi a curve of double curvature is the locus of the 
centres of spherical curvature of the curve. 

Find the locus of the centres of spherical curvature of a 
helix. 

257. Find the equation to the surface on which are found 
all the evolutes of the curve a? ^azy a? =y. 

> 

258. Shew that the tangent lines to the curve represented 
by the equations 

Vic-|->/y + V« = c are cut perpendicularly by each of the 
series of surfaces 

/i being an arbitrary parameter. 

259. A curve is traced on a surface ; shew that the radius 
of absolute curvature at any point of this curve is the same as 
the radius of curvature of the section of the surface made by 
the osculating plane of the curve at that point. 

260. A curve is traced on a sphere ; shew that generally 
the radius of the sphere is the radius of spherical curvature 
of the curve ; but that this does not hold if the curve be a 
plane curve, or plane for an indefinitely short period at any 
point. 
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261. If the normal plane of a curve constantly touches 
a given sphere the curve is rectifiable. 

262. K {x\ y\ «') be the point in the locus of the centres 
of curvature corresponding to the point (a;, y, z) on a curve, 
p the radius of curvature at (oj, y, «), and «' the arc of the 

above locus, shew that -^ is the cosine of the angle between 

the tangent at {x\ y\ z) and the direction of p. 

263. P is any point in a curve, and from the pole 8 the 
line 8Q is drawn parallel to the tangent at P and of such a 
length that the parallelogram of which /SP, 8Q are sides has 
an invariable area ; shew that the tangent to the locus of Q 
is parallel to 8P. 
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V. Curvature of Sur/uces. 

264. Determine the conditions necessary in order that the 
surfaces whose equations are 

aa? + bi/^ + (^ + 2at/z + 2b'zx + 2c'xy + 2;5 = 0, 
Aa? + jB2/''hGz^ + 2A'yz + 2Bzx + 2C'ay + 2z=^0, 

may have their principal radii of curvature at the origin 
equal; and shew that if these conditions be fulfilled any 
sections of the two surfaces parallel to the plane of (a?, y) will 
be similar. 

265. Obtain the quadratic equation for determining the 
principal radii of curvature at any point of the surface 

and find the condition that the principal curvatures may be 
equal and opposite. 

266. The locus of the points on the hyperboloid 

a?* V" «* 

for which the principal curvatures are equal and opposite, has 
for its projection on the plane of (a?, y) the ellipse 

267. Shew that the principal radii of cm-vature are equal 
in magnitude and opposite in sign at every point of the sur- 
face determined by 

2 = (y — J) tan - . 

268. ^ The trace on the plane of {y, z) of the locus of the 
extremities of the principal radii of curvature of the ellipsoid 
whose equation is 

a 6* c 
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Is given by the equation 

269. Among the surfaces included in the equation 

dz dz 

find that in which the principal radii of curvature are equal 
but of opposite sign. 

270. Find the surface of revolution at every point of 
which the radii of curvature are equal in magnitude and op- 
posite in sign. 

271. If a, J be the principal radii of curvature at any 
point of a surface referred to the tangent plane at that point 
as the plane of {x, y) and the principal planes as planes of 
(a?, z) and (y, z), then will the locus of the circles of curva- 
ture of all sections of the surface at the origin be 

272. Find the radius of curvature in any normal section of 
the surface 

A3(? JfBy' + Cz"" + 2^> + ^Bzx + 2 C'xy + -EJs = 0, 

at the origin ; and shew that the sum of the reciprocals of the 
radii of curvature in sections at right angles to each other is 
constant. 

273. Required the sum of the principal radii of curvature 
at any point of a curved surface in terms of the co-ordinates of 
that point. 

The equation to the surface being /(a?, y, z) =0, express the 
result by partial differential coefficients ot/(a;,y, z). 

274. If r =^f{0, <!>) be the equation to a surface referred 
to the tangent plane at the origin as the plane of {x, y), then 
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the radius of curvature at the origin of a normal section in- 
clined at any angle ^ to the plane of {x, z) is 

=: — - limit of -53 when 6f = — . 
Ex, In the surface a:y == az^ shew that p a= -^ 



sm2^' 

275. If the surface {x — a)' + (y — i)* = (2? — c)' have con- 
tact of the second order with tiie surface «=/(a?, y), shew 
that the relations 

p'-l_^-l pq 
r t 8 

must be satisfied at the point of contact. 

276. At the point in which the surface 

meets the axis of z, an elliptic paraboloid may be found, 
which has at its vertex a complete contact of the third order 
with the surface. 

277. F^d the radius of curvature of a normal section of 
an ellipsoid made by a plane inclined to the meridian at any 
given angle, 

278. Shew that the locus of the focus of an ellipse rolling 
along a straight line is a curve such that if it revolves about 
that line, the sum of the curvatures of any two normal sec- 
tions at right angles to one another will be the same for all 
points of the surface generated. 

279. In any surface of the second order the tangents to 
the lines of curvature at any point are parallel to the axes of 
any plane section parallel to the tangent plane to the surface 
at that point. 

280. Obtain the differential equation to the projection on 
one of the co-ordinate planes of the lines of curvature of a 
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surface. Applj the equation to determine the lines of curva- 
ture of a surface of revolution. 

281. Determine the lines of curvature on the surface 

282. Find the radius of curvature of any normal section 
of a surface at a given point 

If y — y s- m (a;' — a?) be the projection on the plane of (a?, y) 
of the tangent line to the curve of section, shew that the 
values of m corresponding to the principal sections of the 

surface ^ =/(-) at the point (a;, y, z) are 

« y+qz 

283. The links of a chain are circular, being of the form 
of the surface generated bjr the revolution of a circle whose 
radius is one inch about a Ime in its own plane at a distance of 
four inches from the centre; apply Euler's formula for the 
curvature of surfaces to shew that if one link be fixed, the 
next cannot be twisted through an angle greater than 60^ 
without shortening the chain. 

284. The normals about any point of a curve surface ulti- 
mately pass through two fixed straight lines in the planes of 
greatest and least curvature. 

285. An annular surface is generated "By the revolution of 
a circle about an axis in its own plane ; prove that one of the 
principal radii of curvature at any point of the surface varies 
as the ratio of the distance of this point from the axis to its 
distance from the cylindrical surface described about the axis 
and passing through the centre of the circle. 

286. If p, p be the greatest and least radii of curvature 
of a curve surface at a given point, ^, '^ the angles which the 
normal to the surface at the given point makes with the axes 
of X and y, shew that 

- + -J = :r- cos A + -J- cos y. 
p p ax ^ ay ^ 
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287. Define an nmbilicns. In what sense do you under- 
stand that there is an infinite number of lines of curvature at 
an umbilicus? And from this consideration deduce the partial 
differential equations which exist at such points, 

288. Find the umbilici of the surface 

of %t 
2«=-+%. 

289. Find the umbilici of the surface ocyz = a'. 

290. Prove that the radius of normal curvature of the 
surface xuz^cf at an umbilicus is equal to the distance of 
the umbilicus from the origin of co-ordinates. 

291. A sphere described from the origin with radius 
will touch the surface 



(ic-\-€ib'{-hc 



{If -($)'-& 



1 



in points which are umbilici. 



292. Shew that a sphere whose centre is at the origin and 
whose radius r is determined by the equation 



Sn 

r 


Sn 


Sn 


Sn 

• 


will touch the surface 








r-y. 


f^ 


vr^^ 


r=i 



at umbilici ; and the radius of normal curvature of the surface 

at these points is ♦ 

n— 1 

293. Determine whether there is an umbilicus .on the sur- 
face 
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294. If 5 be the radius of absolute curvature at any point 
of a curve defined by the intersection of two surfaces u^ = 0, 
u^ = 0, and r^, r^ be the radii of curvature of the sections of 
Wj = 0, Wj = 0,. made by the tangent planes to Wj^O, Wi = 0, 
respectively at that point, prove that 5, r^ , r^ will be con- 
nected by the relation 

JL 1 2cosg 1 

being the angle between the tangent planes 

295. Two surfaces touch each other at the point P; if the 
principal curvatures of the first surface at P oe denoted by 
a ± J, those of the second by a ± b\ and if -cj be the angle 
between the principal planes to which o + &, a' + b', refer, 
and S the angle between the two branches at P of the curve 
of intersection of the surfaces, shew that 

2 ^ _ a' + «" — 2aa' 
^* ^""ft«+ft'«-2JJ'cos2i!r* 

296. Prove that at any point of a developable surface, the 
curvature of anv normal section varies as the square of the 
sine of the angle which this section makes with the gene- 
rating line, and that at difierent points along the same gene- 
rating line the principal radius of curvature varies as the 
distance from the point of intersection of consecutive general- 
ting lines. 

297. A surface is generated bv the motion of a straight 
line which always intersects a fixed axis. If P be any point 
in this axis at a distance x &om the origin, ^ the angle which 
the generating line through this point makes with the axis, 
and ^^ the angle which the plane through the axis and the 
generating line makes with its initial position, prove that the 
principal radii of curvature at P are 

^ d> dx 1 . 4> dx 

cot -^ -r- and — tan — -^rr • 
2 dy^ 2 d'^ 

298. The shortest distance between two points on a curved 
surface never coincides with a line of curvature unless it be a 
plane curve. 



MISCELLANEOUS EXAMPLES. 49 



YI. MtsceUaneaus Examples. 

299. Find the condition that must hold in order that the 
equations 

ax-\-cy-\' b'z = 0, ln/-\'az-\- ex = 0, cz^ Vx + a!y = 0, 

may represent a straight line ; and shew that in that case the 
straight line is determined by the following equations : 

X (aa'- JV) =y (JJ'-cV) =« {cd-a'V). 

300. Shew that the six planes which bisect the interior 
angles of a tetrahedron meet in a point. 

301. Shew that the three planes which bisect the exterior 
angles round one face of a tetrahedron and the three planes 
which bisect the interior angles formed by the other three 
faces meet in a point. 

302. Ka = 0, /8 = 0, 7 = 0, 8 = be the equations to the 
faces of a tetrahedron expressed in a suitable form, A^ B, 
C, D the areas of the respective faces, shew that 

Aa + -BJS + Cy + JDS = a constant. 
Interpret Aa + B^-hOy-O. 

303. If a = 0, ^8 = 0, 7=0 be the equations to three 
planes which form a trihedral angle, the equation to a cone 
of the second degree which has its vertex at the angular point 
and touches two of the planes at their intersections with the 
third, is y — >fea^ = 0. 

304. Give the geometrical interpretation of the equation 
uu' = Jew', where ^ is a constant, and the other letters denote 
linear fanctions of x, y, z. Hence shew that there must exist 
surfaces of the second order which contain straight lines. 

305. If Wj = 0, t«j, = 0, t^a = be the equations to three 
planes, interpret the equation 

T. A. a. 4 
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306. Also interpret Aujul^ + Buja,^ + Cu^^ = 0. 

307. If Uy Vy w are linear functions of Xy jfy z shew that 
uv = V? represents a conical surface ; and shew that the equa- 
tion to the tangent plane is \*m — 2\w7 + v = 0. 

308. Let t; = be the equation to a surface of the second 
order; Wj = and t«,= the equations to two planes; shew 
that by giving a suitable value to the constant \ the equation 
t; + XWiWj = will represent any surface of the second order 
which passes through the intersections of the two planes with 
the given surface. 

309. If « = 0, w = 0, 1? = 0, w = be the equations to four 
given planes, and \, /i, be two arbitrary constants, shew that 
^ 4- \u = represents a plane which passes through a fixed 
straight line, ^ + \m + /av = a plane which passes through a 
fixed point, and tw + imv = a surface of the second order 
which contains four fixed straight lines. 

310. If the equation to a surface of the second order be 
Wj + 2Wj + 1 = 0, where u^ and u^ represent the terms of the first 
and second order respectively, and tangent planes be drawn to 
the surface from any point of the plane determined by 
t^^-f 1 = 0, the planes of contact will all pass through the 
origin. 

311. If ^, By Cy D be the angular points of a tetrahedron ; 
a, ^9, 7, S the distances of any point P firom the faces respec- 
tively opposite to them, prove that the general equation of 
the hyperboloid of one sheet of which ABy CD are generating 
lines is 

hr/ + mah + nfii^ +^^88 = 0. 

312. If a, Py 7, S have the same meaning as in the preced- 
ing example, shew that the general equation to a surface of 
the second order circumscribing the tetrahedron is 

Determine the condition necessary in order that the straight 
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line 7 = — = - may touch the surface : and hence shew that the 
equation to the tangent plane at the point {a = /8 = 7 = 0) is 

(7a + -E3S + Z7 = 0. 

313. Interpret «* + «* + «?*= a, where w, v, w are linear 
ftmctions of {x^ y, z) and a is a constant. 

314. Interpret m" + v* — ti?* = a. 
•315. Interpret w* + t;* = a. 

316. Interpret w* — v' = a. 

317. Interpret w* = a. 

318. Interpret w' + 1?" + w? = 0. 

319. Interpret m" — v* + w; = 0. 

320. Interpret w' + v = 0. 

321. Interpret d = constant. 

322. Interpret ^ = constant. 

323. Interpret r =3 constant. 

324. Interpret F{0) = 0. 

325. Interpret F{<t>) = 0. 

326. Interpret i^(r)=0. 

327. Interpret F[r, 6) = 0. 

328. Interpret F (r, <^) == 0. 

329. Interpret F {0, <f>) = 0. 

330. Describe the form of the surface represented by 

331. Interpret r cos ^ = a. 

332. Shew that the polar equation to a plane may be put 
in the form - = co8acosd + sinasindcos (^— /8). 
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333. If J? be the perpendicular from the origin on the 
tangent plane at any point of the surface r =/(^, 0) 

1 _ 1 , 1 (drs^ ^ cosec'g /rfrV 

334. Shew that the polar partial differential equation to 
conical surfaces with the origin as vertex is 

dl^ dd 

—- = 0, or :j- = 0. 
dr dr 

335. Shew that the polar partial differential equation to 

surfaces of revolution about an axis perpendicular to the plane 

dv 
of reference is ^ = 0. 

336. Shew that the polar partial differential equation to 
cylindrical surfaces perpendicular to the plane of reference is 

dv 
sin ^ -ig + r cos 5 = 0. 

337. Find the volume of a pyramid which has its vertex 
at the point (a?, y, «), and for its base the triangle formed by 
joining the points where the plane 

a c 
meets the co-ordinate axes. 

338. Prove the formulae for transforming from one set of 
rectangular axes to another. Shew that all six axes lie on a 
certain cone of the second order. 

339. If two systems of rectangular axes have the same 
origin, and (a^, J^, cj, (a^, J^, c,), (a,, ig, Cj) be the direction 
cosines of one system with respect to the other, shew that 

340. Find the size of a cube which will stop up a tube of 
uniform bore, the section of which is a regular hexagon whose 
sides are given. 
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341. The Btereographic projection of a cube on a plane per- 

Sendicnlar to its diagonal (the pole being in the diagonal pro- 
uced) is an equilateral hexa^n, whose angles are ^temately 
greater and less. If the pole of projection be at a distance 
m>m thei cube equal to its diagonal, the sines of two adjacent 
angles of the hexagon are as 8 to 5. 

342. A cube being placed with one face in contact with a 
given plane, determine the position of a luminous point such 
that the shadow cast on the plane shall be an equilateral pen- 
tagon of which the diagonal of the above face is one side. 

343. Find the locus of the centres of the sections of a 
surface of the second order made by planes which all pass 
through a fixed straight line. 

344. Find the locus of the middle points of all chords 
drawn in a surface of the second degree, the length of each 
chord varying as the diameter parallel to it. 

345. From different points of the straight line - = f > «=0, 
asjnnptotic straight lines are drawn to the hyperboloid 

shew that they will all lie in the planes 

a o c 

346. Common tangent planes are drawn to the ellipsoids 

shew that the perpendiculars upon them from the origin lie in 
the surface of the cone 

347. Determine what must be the form of a column in 
order that it may appear to be of uniform thickness to an 
observer in a given position. 
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348. If the section of the surface whose equation is 
cKc'+jy + cs*+ 2a'yi2?+ iUzx + 2c'a;y +2a 'a;+ 2J"y + 2c"«+/=0, 
by the plane whose equation is 

be a rectangular hyperbola, then will 

? ( J + c) + w' (c + a) +»*(«+&)= 2a'ww + 25 n? + 2c Im. 

349. If the section of the surface ay +2/z + zx=a^hy the 
plane lx+my-i-nz==Sh& a, parabola, then will 

350. Shew that the asymptotes of any plane section of an 
hyperboloid are parallel to the straight lines in which the 
asymptotic cone is cut by the parallel central plane. 

351. Two hyperboloids of one and two sheets respectively 
have the same asymptotic cone ; shew that the sections of the 
hyperboloid of one sheet by tangent planes to the other hy- 
perboloid will be ellipses of constant area if the points of 
contact lie on the curve of section of the surface by a certain 
concentric ellipsoid whose axes axe in the ratio of the squares 
of the axes of the hyperboloids. 

352. Through two straight lines given in space two planes 
are drawn so as to be at right angles ; find the locus of their 
intersection. 

353. A surface is generated by the intersection of planes 

cutting the axes of co-ordinates at distances from the origin 

equal to the respective co-ordinates of each point of the ellip- 

ic* v' z^ 
soid -a + % + "8 = 1 ; if the surface so generated be treated as 

the ellipsoid and the process repeated n times, the equation 
to the n^ surface will be 

(r- if^ (r- ' • 
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354. A surface is generated by a variable circle whose 
plane is parallel to a; + v = 0, and which alwajs passes 
through the axes of x and y and the liney = a5, z = c; find 
the equation to the surface. Also find the volume between 
the origin and the plane x+y^e. 

355. Two equal parabolas have their common vertex at 
the origin, their axes coincident with the axis of a? in opposite 
directions, and their planes coincident with the planes of {x, y) 
and (a;, z) respectively ; a straight line is drawn intersecting 
these curves and parallel to the plane y = « ; find the locus of 
its trace on the plane of (y, z), 

356. Explain the nature of the surface defined by the 
equation 

near the points where it meets the hyperboloid 

in the several cases in which wi is > = or < 1. 

357. Planes are drawn perpendicular to the tangent lines 
to the surface /(a;, y, 2;) == at a point (a?, y, £;) in it ; shew 
that if at that point 

^=0 ^=0 ^=0 

dr «' dy «' dz 

dy_ d^ _ , 

d^~ '"''•' dydz~'^'"' 

the locus of the ultimate intersections of the planes is the 
cone 

(vtt; -O (f-aj)»+ ... + 2 (vV - uu) {rf-y) (?-«) + ... = 0. 

358. Shew that the normal cone at a singular point of the 
surface 
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has for its equation 

<? + a* 



ca 



V(a*- J*) V(J'-<^ (?-0 (?-«>.) =0, 



where ir,= ^^^_^^ , y.-O, «.--^^^-^ 

are tlie co-ordinates of the singular point. 

359. If /(a?, y, «, c) = represent a system of surfaces for 
which c is a variable parameter, shew how to find the locus 
of the points of contact of tangent planes to each one of the 
system, each tangent plane passing through a fixed point. 

Ex. ic* -f y* = 2c (« — c), each of the tangent planes passing 
through the origin. 

360. If PN be the normal at the point P of any surface, 
a, h the principal radii of curvature at P, r the radius of cur- 
vature of the normal section made by a plane inclined at -an 
angle to the principal section to which a refers, PQ = « an 
indefinitely small arc in this section, prove that if i> be the 
minimum distance of the normals at P and Q, c the distance 
firom P of their point of nearest approach 

^ _ sin'gcos"g(a-&)'ji' _ g&C&cos'g + asin'g ) 
^■" J'cos'd + a'sin'^ ' ^"" J'' cos" ^ + a» sin» ^ ' 

Express also -j- and c in terms of a, b and r. 

361. A family of surfaces is defined by the equation 

where a is a variable parameter and ^(a) and y^{a) arbitrary 
fimctions of a ; shew now to find the partial differential equa- 
tion of the second order which belongs to the envelope, and 
prove that it assumes the form 

where P, Qy -B, 8 are functions of a?, y, z, p and j. 
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362. If the equation to a system of surfaces contains an 
arbitrary parameter, shew that a curve can always be found 
which cuts them all at ri^ht angles ; and if the equations to 
a system of curves contam two arbitrary parameters a surface 
caunot always be foimd which cuts them all ^t right augles. 

363. Find the equations to a curve which cuts at right 
angles a series of ellipsoids which have their axes fixed in 
position and two of them of given length. 

364. Prove that the section of a surface made by a plane 
parallel and indefinitely near to the tangent plane at any 
point in the immediate neighbourhood of that point is gene- 
rally a conic section ; and explain fully the peculiarity of the 
surface near a point where this conic section is a parabola. 

365. Shew how to determine whether a curved surface has 
a tangent plane which touches it along a line. Examples : 

(1) (a^ + y' + «T = 4a»(a:» + y»). 

(2) y« = (a;» + 3^'-a«(a? + y»). 

366. The exiaremities of the minor axis of the elliptic sec- 
tions of a right cone made by parallel planes lie in two gene- 
rating lines of the cone. 

367. Shew how to cut from a given cone an hyperbola 
whose asymptotes shall contain the greatest possible angle. 

368. What is the section of a right cone by a plane when 
the cutting plane is parallel to a generating line, but not per- 
pendicular to the plane containing the axis and that line? 

369. If two spheres exterior to each other be inscribed in 
a right cone touching it in two circles on the same side of 
the vertex, and a plane be drawn touching the spheres and 
cutting the cone; shew that the section is an ellipse, that 
the points of contact of the spheres with the plane are the 
foci, and that the planes of the two circles contain the direc- 
trices. 

370. A conical surface is placed with its circular base in 
contact with a plane. It is then slit along a generating line 
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and the rertex pressed in a direction perpendicular to the 
plane, the base remaining in contact while the surface opens 
out ; shew that the extremities of the separating edges trace 
hyperbolic spirals. 

371. A triangle ABC revolves about a straight line which 
bisects the angle A^ and the conical surface generated by the 
sides containing that angle is cut by a plane passing through 
the other side and perpendicular to the plane of the triangle 
in one of its positions ; prove that if e be the excentricity of 

the section, ^ = - — 5-^. 

a 

872. If the cone as* + y* = « [mx + nz) cut any sphere 
which hai3 its centre at the origin, shew that the projection 
on the plane of (a?, z) of the curve of intersection is an hyper- 
bola which has its centre at the origin. 

373. A straight inelastic band is wrapped smoothly on 
the surface of a cone ; shew that however long it may be, the 
two ends of either of its edges cannot be made to meet, if the 
vertical angle of the cone be greater than 60^ 

374. Shew that an oblique cone on a circular base can be 
cut by a plane not parallel to the base, so that the section 
shall be a circle. Prove that the cone so cut off is similar to 
the whole cone. 

375. If / (a?, y, «) = be the equation to any surface 
which passes through the origin, and ^ (a?, y, z) the sum of 
all the terms of lowest dimension in /(a?, y, «), shew that 
j> (a?, y, 15) = is the locus of all the tangent Hues at the 
origin. 

376. Find the surface which touches at the origin the 
surface whose equation is 

(a? + y» + i5«+2aaj)"-4(c*-a»)(ai" + »') = 0; 

and shew that as a diminishes and ultimately vanishes, the 
tangent cone contracts and ultimately becomes a line, and 
that as a increases up to c it expands and finally becomes a 
plane. 
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377. A circle always touches the axis of z at the origin, 
and passes through a fixed straight line in the plane of {x, y) ; 
find the equation to the surface generated. Shew that the 
origin is a singular point, and that in its immediate neigh- 
bourhood the surface may be conceived to be generated by a 
circle having its plane parallel to that of (a;, y), and its ra<uus 
proportional to «^ 

378. A circle revolves round a chord in its own plane, the 
direction cosines of which are Z, w, w ; shew that the equation 

. to the surface generated is 

where r is the radius of the circle ; h and h the distances of 
the centre of the circle along and from the chordal line which 
is supposed to pass through the origin; determine the sin- 
gular points of this surface and the equation to the tangent 
cone there ; also determine the equation to the tangent planes 
which touch the surface along circles. 

379. The traces of a surface of the second order on two 
planes at right angles to each other are parabolas with their 
axes parallel to the line of intersection of the planes ; find 
the condition that' the surface may be a developable surface ; 
and prove that in that case the trace of the surface on a plane 
perpendicular to the first two will also be a parabola. 

380. Find the locus of the point in which a perpendicular 
firom the origin meets a plane which cuts off a constant volume 
firom the co-ordinate planes. 

381. An oblique cylinder stands on a great circle of a 
sphere ; determine the curve of intersection of the sphere and 
cylinder, and find the area of the spherical surface included 
within the cylinder. 

382. The locus of the intersection of generating lines of 
an hyperboloid of one sheet which pass through extremities 
of conju^te diameters of the smallest elliptic section is a 
similar ellipse parallel to it, whose axes are to the axes of the 
former as v2 to 1. 
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383. Find the surface which is generated by a straight 
line which is always parallel to the plane of {x, y), and passes 
through the axis of z^ and also through the curve determined 
byajy« = a', a?+y* = c^ 

384. A normal to the surface of which the equation is 

X cos nj5 — y sin Wj8 = 0, 

moves along any one of its generating lines ; determine the 
surface generated. 

385. The equations to a system of lines in space, straight 
or curved, contain two arbitrary parameters; shew how to 
find whether the lines can be cut at right angles by a system 
of surfaces, and when they can shew how to nnd the equation 
to that system. 

Examples. (1) Let the lines be a system of right lines, 
each of which intersects two given right lines which are per^ 
pendicular to each other but do not intersect. (2) Let the 
equations to the system of lines be -4aj* =s Bjfi = Cfe>', where 
A, By Cy are arbitrary. 

386. The equation to a system of surfaces contains one 
arbitrary parameter ; normals are drawn at all points of one of 
these Burtaces, and the lengths of the normals are taken pro- 
portional to the ultimate distances between the surface in 
question and a consecutive surface; shew how to find the 
equation to the locus of the extremities of the normals. 

387. The equations to a system of right lines in space 
contain two arbitrary parameters ; prove that when the roots 
of a certain quadratic are real and unequal, there are two 
planes passing through a given line of the system which con- 
tain consecutive lines. 

388. A cavity is just large enough to allow of the com- 
plete revolution of a circular disk of radius c, whose centre 
describes a circle of the same radius c, while the plane of the 
disk is constantly parallel to a fixed plane and perpendicular 
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to that of the circle in which its centre moves. Shew that 

2c' 
the volume of the cavity is — (Stt + 8). 



389. The solid of which the sur^e is determined by the 
equation ^Jx -V %/y -{- »Jz =i i^/a revolves round the fixed axis 
of z and makes for itself a cavity in a mass of yielding 
material ; determine the form and magnitude of the cavity. 

390. Shew that the surfaces represented by the equations 

will toacH each other in eight points if 

a c 

and prove that if tangent planes be drawn at these points 
they will form a solid whose opposite faces are similar and 
parallel, and the volume of which is 

4 (ale)* 



3 (a/87)^ * 
391. Normals are drawn to the ellipsoid 

^ y* ^* — 1 

-. + j« + ^-l 

• 

at every point of its curve of intersection with the sphere 

a? + y' + «'=sy; 

prove that the equation to the curve in which the locus of 
these normals is cut by the plane of (y, z) is 

(T ^ o^ a ^<r 
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392. Find the envelope of the plane 

the parameters a, /S, 7 being subject to the relations 

393. Determine the singular point on the surface 

and the locus of the tangent lines there. 

394. The tangent plane to a siirface 8 cuts an ellipsoid, 
and the locus of the vertex of the cone which touches the 
ellipsoid in the curve of intersection is another surface 8\ 
Prove that 8 and 8' are reciprocal ; that is, that 8 maj be 
generated from 8' in the same manner as 8' has been gene- 
rated from 8. 

395. A plane moves so as always to cut off from an 
ellipsoid the same volume ; shew that it will in every position 
touch a similar and concentric ellipsoid. 

396. Prove that the tangent plane at any point of the 
surface 

{axY + {byY + {czy = 2 {pcyz + cazx + abQcy)^ 

intersects the surface 

ayz + hzx + cocy = 

in two straight lines which are at right angles to one an- 
other. 

397. A plane is drawn through the axis of y such that 
its trace upon the plane of {z^ x) touches the two circles in 
which the plane of («, x) meets the surface generated by the 
revolution round the axis of z of the circle 

(a?-a)* + «» = c*, 

where a is greater than c; determine the curve of intersection 
of the plane and the surface. 
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398. Find the envelope of a sphere of constant radius hav- 
ing its centre on a given circle ; and determine the section by 
a tangent plane perpendicular to the plane of the circle ; when 
will Uiia section be a lemniscate, and when will it consist of 
two circles? 

399. A plane is drawn through a generating line of an 
hyperboloid of one sheet ; shew that it meets the surface again 
in a straight line. 

400. A plane moves so as always to enclose between itself 
and a given surface 8 a constant volume; prove that the 
envelope of the svstem of such planes is the same as the locus 
of the centres of gravity of the portions of the planes com- 
prised within S. 

401. OA, OBj OG are three straight lines mutually at 
right angles, and a luminous point is placed at C; shew that 
when the quantity of li^ht received upon the triangle A OB is 
constant, the curve which is always touched by AB, will be 
an hyperbola whose equation referred to the axes OA^ OB is 

(y — 7nx) {x r- my) = wic*, 

where OG^c, and m is a constant quantity. 

402. If u =f{x, y, «) be a rational function of a?, y, z, and 
if t« = be the equation to a surface, for a point (a, J, c) of 
which all the partial differential coefficients of u as far as those 
of the {n — 1)^ order vanish, shew that the conical surface 
whose equation is 

{{x-a) ^+{y-i) 1+ (*-c) |}VK h c) =0 
will touch the proposed surfaee at the point (a, J, c). 

403. Determine the condition to which the vertices of a 
system of cones which envelope an ellipsoid must be subject, 
in order that the centres of the ellipses of contact may be equi- 
distant from the centre of the ellipsoid. 
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404. A plane passes through the vertex of the elliptic 

paraboloid 2j5 = — h V ; shew that if the radins of curvature of 

all its sections of the surface at the vertex be equal to c, the 
normal to the plane at the origin will lie upon the siuface 

405. .Find the position in which an ellipsoid must be 
placed in order that its orthogonal projection may be circular, 
assuming that the plane on which it is projected must be 
parallel to its mean axis. 

406. Find the equation to the surface ^nerated bv a 
straight line of given length, which moves parallel to the plane 
of (.T, y), with one end in the plane of (y, z) and the other on 
a given curve, a; = ^ («), in the plane of (a;, «). 
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1. * + |+* = 2. 2. 5 + |-? = l. 

a c a c 

y _z ^ X _z ^ ^y _^ 

c a c a c 

X y — &_«. x — a_y_z 
a —6 c —a c 

^ 2abc ^ 2ab'c 

8. cos 



9. cos 



3 



10. cos — a i^ a . 11.-=^=—. 

a + + c* a c . 

12. The equation may be written 
(05 cos^S — y cos a)* + (y cosy - z cos j8)' + (« cos a - 05 cosy)' = ; 

thus it represents the line 



X 



y __ z 



COS a cos ^ cos y ' 
13 30® 14 ^^-^^y-^Cz-D _ A'x + B'y -^ Cz - ly 

15. iy(^a; + By-hCz) = D {A'x ^By^ Cz) ; the condition is 

16. (a - a) {w (c - cO - n (6 - ft')} + <kc. = 0. 

T. A. G. 5 
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17. First obtain the equation to the plane which contains the 
two given lines ; this is 

X {m^n^ - m^n^ + y {nj,^ - nj,) + z {l^m^ - l^m^) = ; 

then find the equation to a plane which is perpendicular to the 
plane just determined and equally inclined to the two given lines. 

21. ^J2. 22. (a;-a)(wm'-mw) + &c. = 0. 

23. The question is indeterminate, since an unlimited number 
of lines can be drawn as required. 

24. Suppose the given plane to be determined by 

Ax-^Bf/ + Cz = D; 

and suppose that the line of intersection is to lie in the plane of 
(Xy y) ; then we may assume for the equation to the required plane 
Ax + By -^Xz = Dy and determine X smtably. 

27. 60". 28. Four straight lines. 

29. The condition is a' + 6* + c' + 2abc = 1. 

30. (jE?! cos a —p cos aj) X + (j9j cos ^—p cos jSj) y + A« = 0, 
where (/?iCOsa-jt>cosaj)V(pjCos)8-jt?cos)8j)VA.(pjCOsy-^cosyj)=0. 

31. Let the given point be {a, b, c) and the equations to the 
given planes 

Ax + By + Cz=^I), Ax-{-B'y + Cz = iy; 

the required equation is 

(x-a) {BC-B'G) + &C. = 0. 

41. Let r denote the distance between (a, P, y) and («, y, z) ; 
then 

= {B{z-y)-C(},-m'+{G{x-a)-A {z-y)y + {A(f,-py£{x-a)Y 

+ {A(x-a) + BQ,-^ + Ciz-y)Y; 

The last term is constant if {x, y, z) be in the given plane; hence 
the lecLst value of r* is obtained by making the other three terms 
vanish. 
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44. The exceptional case is when the line of intersection of 
two of the planes is perpendicular to the third plane. 

46. The condition is al + bni + en = -^ then the equations may 
be written 

1 ( cm-'hn \ I ( en- bm) „ 

47. The equations to the perpendicular are 

a? ^ y ^ ^ 

wic — ?ift wa — fc lb — ma' 

49. There are two such lines determined by the given equation 
Ix + my + 7M? = P, combined with 

X J(p + n') = ^y Jim' + ny 

50. Let it, y, z be the co-ordinates of aay point in the line • 
let lfm,nhe proportional to its direction cosines ; then it may be 



shewn that 



cos'a = 



(nx — Izf (ma: — ly)' 



{{nx-lzy'^{ny-may} {{mx - ly)' + {mz - ny)'} ' 

from this we may shew that tan* a = A (ma - ny)* where -4 is a 
symmetrical function of x, y, z, I, w», n, 

«o ^ -V -1 - 1 . ^ _ y _ « _ 1 

53. Heree = ^^(?^Z^, .-^^ 54. A sphere. 

a ^ 

55. The polar equation to the locus is 

56. The straight line ? = ?^ = - . 

l m n 

58. The given equation may be written thus, r*= {P+ w*+ '^^P^ 
where r is the distance of the point (a;, y, z) from the origin, and 
p is the perpendicular from the origin on the plane lx-^my+nz=0» 
IfP + m' + n'ia greater than unity the locus is a righj; circular 

5—2 
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cx)iie : the cosine of the semiyertical ansle is —77= 5 =-, . 

If ^ + m' + n' is equal to unity the locus is a right line; see ex- 
ample 12. If ^ + m' + w' is less than unitj the locus is a point, 
namelj the origin. 59, The locus is a sphere if (7 be an acute 
angle^ a point if C be a right angle, and impossible if C be an 
obtuse angle. 

60 k'--^ m'-^^^:^ 
a -0 c {a - 0^ 

62. The equations to the cones are 

{x-a)\ y _ :? {y-Vf _:^ . a? 



a" ""ft* ?' V 



63. Let (a, P^ y) be the external point; then the required 
equation is 



iB» y] 2^ _ /aa y^ aryV 
a»"^6'"^c«" V"^"P"■^7*/• 



66. Let (a, Pf y) be the given point; then the required 
equation is 

p y 

67. A right circular cone. 70. Take for the equation to 
the ellipsoid -5 + rj + t = 1, and for the equation to the sphere 
(a? - A)* + y* + «• = r" ; then the equation to the cylinder will be 

71. The circle circumscribed about the opposite face may be 
determined by the equations 

a c ^ " 

A svhcontrary section is a circular section. The equation to the 
cone may be written thus 
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hence we see that the plane ax + hy-\-cz — k = Oy cuts the cone in 
a circle. If the vertex of the cone be at the angular point which 
is at the other end of the edge c, the equation to the cone is 



x' + t/' = {ax + by)(l -^J; 



and the plane ax + by-'CZ = is parallel to the subcontrary sec- 
tions. 74. An hyperbolic paraboloid. 

75. The locus is determined by the equation to the ellipsoid 
combined with xyz = constant. 

76. Suppose the fixed point in the axis of z ; then we have to 

of v" 
make xy a maximum while -• + ^ = a constant. 

f f f 

85. Circles. 88. Let ^^^i^ =^-^1 =^Jl^ = r be the 

equations to a line which passes through the point {x, y, z) and 
coincides with the given surface. Substitute the values of x, y\ z 
in the given equation; we thus obtain a quadratic in r which 
ought to be iderUieallp true. This leads to 

Eliminate m from these two equations ; thus we obtain a quad- 
ratic in — , and the product of the roots becomes known. The 
n 

result may be written thus 



Similarly - - -. 

•' w,w. z^ + c 



i'"* 



Hence 1 + -^-^ + —J—" = = = — . 

n^^ n^^ iir + c 

92. The condition is amn + hnl + elm = 0. 

93. When the given conditions hold, the equation becomes 
{Vex 4- cay + ab'z)' + 2ah'c' {ax + V'y + c''z) - aVc/= ; 

this represents a parabolic cylinder. 
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94. Either 6' = and c« = (a-c)(6-c), 
or c' = and 6'« = (a - 6) (c - 6). 

96. Take the equation to an enveloping cylinder 

/^ w* n\/Qt^ y" «■ i\ _ /^ ^y ***\' 

and apply the teste in order that it may be a surface of revolution. 

97. An hyperbola. 102. If an ellipsoid be cut by a 
plane through its centre whose direction cosines are Z, m, n, the 

area of the section is known to be ..„ , =75 r-^ • ^^^ ^ 

fj\t a -¥7n +» c) 

we seek the maximum and minimtmi values of Va* + m V + n V, 

oc 1/ Sl 

with the condition that the plane is to contain the line r- = -^ = -, 
we obtain this quadratic 



= 0; 



u'^a' u'--b' w'-c* 
thus the product of the maximum and minimum values is 

103. The process will resemble that given in Gregory's Solid 
Geometry for finding the area of the section of the ellipsoid by the 
plane Ix + my + nz = 0. If a, jS, yhe co-ordinates of the centre of 
the section it will be found that 



an ~ Vm en " ^f^+TftV^TcV* 
The final result is 

(gy 4- 5 W + c V - y) -irahc 

104. The first part may be proved by taking the general equa- 
tion 

aa?-¥h^ + cs? + 2a'yz + 2h'zx + 2c xy + 2a"x + 2iry + 2c" z +/= ; 

and the cutting planes may be supposed parallel to that of (x, y). 
For the latter part we must find the ratio of similarly situated 
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lines in the two sections^ and tiie square of this ratio will be the 
ratio of the areas. 105. This is a mode of expressing the 

resnlt of the two preceding examples. The residt may also be 
obtained very easily by referring the ellipsoid to conjugate dia- 
meters^ two of which are in a plane parallel to the planes con- 
sidered. 

106. The equation to the ellipsoid is 

? "*" 6* "*" c« ■" a« "*■ 6* c« ' 
where (a, j8, y) is the external point. 

109. Hyperboloid of one sheet. 110. Hyperboloid of 

one sheet. 111. Hyperbolic paraboloid. 

112. Parabolic cylinder. 113. Hyperboloid of two sheets 

if / be positira 114. Eight circular cylinder. 

115. Hyperboloid of revolution of two sheets if / be positive. 

116. Hyperboloid of revolution of two sheets. 

117. -^ , -^ y are the co-ordinatea 
op oa 

118. There is a line of centres^ given by the equations 

k = 0, A-Z+1 = 0. 

119. -* ^, 0, are the co-ordinates. 

122. A surfiu5e of revolution, the axis of which is a? = y = «. 

124. Use the equation in Example 65 ; the locus is a sphere, 
the radius of which is ^(a* + 6* + c* + A* + A;*). 

133. The sine of the angle is -5- — 5 supposing a, h, e ia de- 
scending order of magnitude. 142. See a similar example 
in Geometry of Two Dimensions, Flcme Co-ordinate GeoTnetryy 
Art. 286. 144. Refer the ellipsoid to conjugate diameters 
such that the plane containing two of them is parallel to the 
cutting plane. 

157. 6"-ac must be positive and (6''-ac) (a''-6c)=:(a'6'-ccy. 
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159. Let xcoaO^ + f/ooa6^ + zooa6^ = Uy 

tlien tlie second equation is ttr=0, and the first is {u-\-v) (u—v)=0. 
The line of intersection will be found to be determined by 

X y z 

8in{^.-^J = sin(^,-^.) = S^^.^V 

160. The other lines are x=0, y6— «c=0; y=0, zc — xa = 0; 
z = 0, xa — yb = 0, 

161. The cosine of the inclination of the plane to the axis. 

182. ^(a;, y, «) = ^(a + aj~a, )8 + y-ft y + ^-y) 

(x - tt)' rfjM (y-j3)' «Pm (g-y)' ^ 
■^ 2 da'"*" 2 dfi^'^ 2 d/ 

+ (y-^(*-r)^+(«-7)(«-a)^+(«'-a)<y-^5^. 

The equation to the tangent plane to the surface <f> {xy y, z) = (} 
at the point {x, y^ z) is 

this may be written 
(a,-«,)|^+(*-a)^ + (*-y)^ + (y-^5-^| + &0.=0. 

Now suppose this plane to pass through the point (a, P^ y\ and 
we obtain a relation which by means of the equation <^ (», y^ z) = 0, 
transformed as above, reduces to 

183. Let a line pass, through the point (a, p, y) and through 
the point {x, y, z) on the surface; and let (x\ y\ «') be any other 
point on this line ; then we have * 

— = —, — ^ = -. — 31 = T say : therefore 

a'-a y'^p «'-y ^' 

a; = a + r(a;'-a), y = i3 + r (j^-i^), « = y + r(«-7). 
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Substitute these yalues of Xy y, z xa <f> {x, y, z) = ; we thus obtain 
a quadrcUic in r corresponding to the two points in which the line 
through (a, Py y) and {x, j/, z') meets the sur&ce. The condition 
that this quadratic should hare equal roots leads to the equation 
to the required cone, Xy ^y z' being the variable co-ordinates. 

185. ayz^-Vzx-\-cxy = 0, 

,Aer «*^ ^'V ^^^ 8^ xa J -an 



s? — 2kaz 
y»_2ay + =5 +a'=0, 



196. The surface is determined by the equation 

-2 

where A; is a known constant, and a = 05 «! 1 + a / ( X") "^ J" [ • 

2»«- ^^-(■-?)(M)"- 

205. Take for the equations to the lines those in example 34 ; 
let a be the radius of the circle; the required equation is 

{mxc' + cyzy + m' {mcxz + c'y)' = m V (c* -«*)'. 

212. (1) is not a developable surface; (2) is. 

214. « + V(aj' + y"+V) = <^(|). 

215. «-*>-*"^>=a;"**<^(|y 



216. 



a^ + y' {z - py 



218. (ax + hy + czy = i^{{x-^ay+{y + by + (z + cy}. 

21 9r Let the equations to be parabolas be 

y=0 -) ^^^ z = 
s^=4t<ixy ^ = 4a'a?; 

the equation to the sur&ce is 4a - < -j-7+ -t-\ ~ ^' 
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225, (a3*+/Ay)*=-s , where ft and k are known constants, 

227. Use conjugate diameters as axes, two of them being 
parallel to the plane of the circles, and the third passing through 
the centres of the circokr sections. 

230. f/ = ^acosp. 231. ^+^ = 1, « = -4;. 

232. «:'-=-!^-(i^-y)=-J(*'-4 

233. The curve is determined by the given equation combined 
with 4«' = 05* + y*. 

239. They are proportional to -TT , ^-f^, and -j-j. 

240. c («y - y'o^ + ah {z - «) = 0. 241. A plane passing 

through the line of intersection of the normal plane at the point 

(^9 Vi ^) ^'^^ ^^® consecutive normal plane^ and perpendicular to 

(AV + k^'xi^^ 
the first normal plane. 243. ],, ...^ — tst* 

245. A circle. 246. A conic section. 

251. The curves of greatest inclination to the plane of {x, y) 
are determined by the equation to the given sur£&ce combined 
with a?" — y* = constant. 

252. The curves are determined by combining the given 
equation with ic" — y* = constant. 

253. a;V3ay=0, 27ac«+a;*=0. 257. 27a(a;+y)'=16(«~a)^ 
269. « = -4 tan"^ ^-k-B. 270. The surface is that farmed 



X 



c ,% 



by the revolution of the catenary y= 0(6® +e *') round the axis 

of 05. 

299. The condition is o^ + 2a 6V ^<m^-- hV* - cc^ = 0. 

302. -4a 4- .5)5 + Cy = 0, is the equation to the plane which is 
parallel to the £Eu;e of which the area is D, and which pafises 
through the opposite vertex. 
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305. The equation represents a cone which touches the planes 
represented by u^= 0, u^ = 0, W3 = 0. 

306. The equation represents a cone containing the lines of 
intersection of the planes u^ = 0, t^, = 0, u^== 0. 

313. An ellipsoid^ a point, or an impossible locus according 
as a is > = or < 0. 

314. An hyperboloid of one sheet, a cone, or an hyperboloid 
of two sheets according as a is > = or < 0. 

315. An elliptic cylinder, a straight line, or an impossible locus 
according as a is > = or < 0. 

316. An hyperbolic cylinder, two planes, or an hyperbolic 
cylinder according as a is > = or < 0. 

317. Two parallel planes, one plane, or an impossible locus 
according as a is > = or < 0. 

318. An elliptic paraboloid. 319. An hyperbolic para- 
boloid. 320. A parabolic cylinder. See for the last eight 
questions The Ma^thernaticicm, YoL in. p. 195. 

In examples 321 — 329 the symbols r, 6, 4> ^^ ^^^ usual polar 
co-ordinates. 321. A right circular cone having its vertex at 
the origin and its axis coincident with the axis of z. 322. A 
plane containing the axis of z, 323. A sphere having its 

centre at the origin. 324. A series of right circular cones 

having their vertices at the origin and their axes coincident with 
the axis of z. 325. A series of planes containing the axis of z* 
326. A series of spheres having the origin for centre. 327. A 
sur&ce of revolution round the axis of «. 328. A surface such 
that any section made by a plane which contains the axis of z 
is a circle with the origin for centre. 329. A conical surface 
generated by straight lines which all pass through the origin. 

331. A sphere having the origin on its sur&.ce. 

337. d=a5cf-+f-+--lV 
\a c / 



I 
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340. Let c be a side of the hexagon, a an edge of the cube; 
then a = — 7^- • 

342. Let a be the edge of the cube; the height of the luminous 
point above the given plane is a ^2 (1 + ^2). 

347. The figure formed by the revolution of an hyperbola round 
its conjugate axis. 354. The equation to the surface is 

2cs? + « {(a; + yf- 2c*} - ^cxy ~ 0; the volume is ■ . . 

380. (a:* + y' + «*)* = ^<?xyz where (? is the constant volume. 

383. c'icy^ = a' (x* + y"). 389. The volume is -r- . 

lo 

405. The longest axis of the ellipsoid must be inclined to the 
plane at an angle whose cosine is f -5 — -5) . 

406. y" {^ (*)}• = {X - ^ (*)}' Cc- - {^ («)}«]. 
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scriptions of several hundred fobsu Radiata, Articulata, Mollusca, and Pisces, 

from the Tertiary, Cretaceous, Oolitic, and Palaeozoic Strata of Great Britain. 
With numerous Woodcuts. By Fbederick M^Cot F.G.S., Professor of 
Natural History in the University of Melbourne. 8vo. cloth, 9s. 

MASSON.— Essays, Biographical and Critical; chiefly on the 

English Poets. By DAVID MASSON, M.A. Professor of EngUsh 
Literature in University College, London. 8vo. cloth, 12s. 6d. 

MAURICE.— Expository Works on the Holy Scriptures :— 
I— The Patriarchs and Lawgivers of the Old Testament. 

Second Edition. Crown 8vo. cloth, 6s. 

This volume contains Discourses on the Pentateuch, Joshua, Judges, 
and the beginning of the First Book of Samuel. 

IL— The Prophets and Kings of the Old Testament. 

Second Sdition. Crown 8vo. cloth, 10s. 6d. 
This volume contains Discourses on Samuel I. and II., Kings I. and II. 
Amos, Joel, Hosaa, Isaiah, Micah, Nahum, Habakkuk, Jeremiah, 
and Ezekiel. 

III.— The Unity of the New Test^ent. 

8vo. cloth, 14«. 
This Volume contains Discourses on the Gospels of St. Matthew, 
St. Mark, and St. Luke ; the Acts of the Apostles ; the Epistles of 
St. James, St. Jude, St. Peter, and St. Paul. 

IV.— The Gospel of St. John; a Series of Discourses. 

Second Bdition. Crown Svo. cloth, 10«. 6d. 

v.— The Epistles of St. John; a Series of Lectures on 

Christian Ethics. Crown 8Yo. cloth, 7s. 6d. 
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MAURICE.— Expository Works on the Frayer-Book. 
I.— The Ordinary Services. 

Second Sdition. Fcap. 8vo. cloth, s*. 6<f. 

' II.— The Chnrch a Family. Twelve Sermons on the 

Occasional Services. Fcap. 8vo. cloth, 4«. 6<f. 

MAURICE.— Lectures on Ecclesiastical History. 

By Frederick Dbkison Maubics, M.A., Chaplain of Lincoln's Inn. 
8vo. cloth, 10«. 6cf. 

MAURICE.— Theological Essays. 

Second Sdition^ with a new Preface and other additions. Crown Svo. 
cloth, 10«. 6d. 

MAURICE.— The Doctrine of Sacrifice deduced from the 

Scriptures. With a Dedicatory Letter to the Young Men's Christian Associa- 
tion. Crown Svo. cloth, 7s. Bd, 

MAURICE.— Christmas Day, and other Sermons. 

8to. doth, I0t,6d. 

MAURICE.— The Religions of the World, and then: Relations 

to Christianity. Third Edition. Fcap. Svo. cloth, 5«. 

MAURICE.— On the Lord's Prayer. 

Third Edition. Fcap. Svo. cloth, 2«. 6d, 

MAURICE.- On the Sahhath Day: 'the Character of the 

Warrior; and on the Interpretation of History. Fcap. Svo. cloth, 2*, 6d, « 

MAURICE.— Learning and Working.— Six Lectures on the 

Foundati<m of Colleges for Working Men, delivered in Willis's Rooms, 
London, in June and July, 1854. Crown Svo. cloth, 5s, 

MAURICE.— The Indian Crisis* Five Sermons. 

Crown Sto. cloth, 2s. 

MAURICE.— Law's Remarks on the Fahle of the Bees. 

Edited, with an Introduction of Eighty Pages, by FREDERICK DENISON 
MAURICE, M.A. Chaplain of Lincoln's Inn. Fcp. Svo. cloth, it, 6d, 

MAURICE.— Miscellaneons Pamphlets :— 
L— Eternal Life and Eternal Death. 

Crown Svo. sewed, It. 6d. 

II.— Death and Life. A Sermon. Bn fnvmum c. b. ji. 

Svo. sewed, U. 
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MAUBIGE.—Miscellaneons Pamphlets, continned:— 

ni.— Flan of a Female College for the Help of the Rich 

and of the Poor. 8vo. 6d. 

IV.— Administrative Beform. 

Crown 8vo. 3d, 

V— The Word "Eternal," and the Punishment of the 

Wicked. Fifth ThonsaAd. 8yo. 1«. 

VI.— The Name "Protestant:" and the English Bishopric 

at Jerusalem. Second Edition. 8vo. 3<. 

VII.— Right and Wrong Methods of Supporting Pro- 
testantism. 8vo. Is, 

Vm.— Thoughts on the Oxford Election of 1847. 

8vo. U. 

IX.— The Case of Queen's College, London. 

8vo. .1«. 6d. 

X.— The Worship of the Church a Witness for the 

Redemption of the World. 8to. sewed, Is. 

MAYOR.— Cambridge in the Seventeenth Century. 

2 vols. fcap. Syo. cloth, 18<. 

Vol. I. contains The Lives of Nicholas Ferrar.> 

Vol. II. contains The Autobiography of Matthew Robinson. 

By JOHN £. B. MAYOR, M.A. Fellow and Assistant Tutor of St. John'» 

College, Cambridge. 
*«* The Autobiography of Matthew Robinson may be had separately, price 5$. Bd. 

• MINUCIUS FELIX.— The Octavius of Minucius Felix. 

Translated Into English by LORD HAILES. Fcap. 8vo. cloth, 8«. 6d. 

MORSE.— Working for God ; Four Sermons Preached before 

the University of Cambridge. By FRANCIS MORSE. M.A. Incumbent of 
St. John's, Lady wood, Birmingham. Crown 8vo. sewed, 2*, Qd, 

NAPIER.— Lord Bacon and Sir Walter Raleigh. 

Critical and Biographical Essays. By MACVEY NAPIER, late Editor 
of the Edinburgh M^view and of the Encffclopadia Briianniea. Post 8vo. 
cloth, 7», Cd. 

NIND.— Sonnets of Cambridge Life. By Rev. W. NIND, M.A. 

late Fellow of St. Peter's College. Post 8 vo. boards, 2#« 

NIND.— The German Lyrist; or, Metrical Versions from the 

principal German Lyric Poets. Crown 8vo. cloth. Si. 

KIND.— The Odes of Elopstock Translated. 

Fcap. 8vo. cloth, Os, 
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NIND.— Italy and Vienna in 1851. 

A Series of Leiters. Fcap. 8vo. cloth, 5t. 6d. 

NOBRIS.— Ten School-Boom Addresses. 

Edited by J. P. NORRIS, M.A. Fellow of Trinity College, and one of U«r 
Majesty's Inspectors of Schools. 18mo. sewed, M. 

NORWAY AND SWEDEN.— A Long Vacation Bamble in 

1856. By X and Y. Crown 8vo. cloth, 6s. 6d, 

PARKINSON.— A Treatise on Elementary Mechanics. 

For the Use of the Junior Classes at the University, and the Higher Classes in 
Schools. With a Collection of Examples. By S. PARKINSON, M.A. Fellow 
and Assistant Tutor of St. John's College, Cambridge. Crown 8vo. cloth, 9s* 6d. 

FARMINTEB.— Materials for a Grammar of the Modem 

English Language. Designed as a Text-book of Classical Grammar for the 
use of Training Colleges, and the Higher Classes of English Schools. By 
GEORGE HENRY PARMINTER, of Trinity College, Cambridge; Rector 
of the United Parishes of SS. John and George, Exeter. Fcap. Bvo. cloth, Ss. 6d. 

PAYN.— Poems. 

By JAMES PAYN. Fcp. 8to. cloth, 5s. 

PA7NE.— Decaens ; or, the Dawn of To-morrow, and The 

Bondchild. Two Sacred Allegories. By ISABEL J. FAYNE. 18mo. 
cloth, Is, 

PEACE IN WAR. Jin Mmamm IL. %C. 

Crown 8to. sewed, 1^. 

PBROWNE.-" Al-Adjrnmiieh." 

An Elementary Arabic Grammar. By J. J. S. PEROWNE, B.D. Fellow of 
Corpus Christi College, Cambridge, and Lecturer in Divinity in King's 
College, London. 8to. cloth, 5s, ^ 

PEBRT.— fiermons Preached before the University of Gam- 
bridge. By the Right Rev. CHARLES PERRY, Lord Bishop of Melbourne, 
formerly Fellow and Tutor of Trinity College, Cambridge. Crown 8vo. 
cloth, 3s, 

PHEAB.— Elementary Hydrostatics. 

8ec<md Bdition. Accompanied by numerous Examples, with the Solu- 
tions. Crown 8vo. cloth, Ss, 6d, 

PLAIN RULES ON REGISTRATION OF BIRTHS AND 

DEATHS. Crown 8yo. tewed, Id, ; 9d, per docen ; 5«. per 100. 
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PLATO.— The Republic of Plato. 

Translated into English, with Notes. By Two Fellows of Trinity College, 
Cambridge, (J. LI. Davies M.A., and D. J. Yaughan, M.A.) Second 
Edition. 8vo. cloth. 

PRINCIPLES of ETHICS according to the NEW TESTA- 

MENT. Crown 8vo. sewed, 2s. 

PROCTER.— A History of the Book of Common Prayer : with 

a Rationale of its Offices. By FRANCIS PROCTER, M. A ., Vicar of Witton, 
Norfolk, and late Fellow of St. Catherine's College. Third Edition^ 
revised and enlarged. Crown 8vo. cloth, 10«. 6d. 
*«* This forms part of the Series of Theological Manuals. 

PUCELE.— An Elementary Treatise on Conic Sections and 

Algebraic Geometry. With a numerous collection of Easy Examples pro- 
gressively arranged, especially designed for the use of Schools and Beginners. 
By G. HALE PUCKLE, M. A<, Principal of Windermere College. Second 
Edition^ enlarged and improved. Crown 8vo. cloth, 7s. 6d* 

PURCHAS.— The Priest's Dream. 

By JOHN PURCHAS, M.A. of Christ's College, Cambridge. Svo. sewed, U. 

PURTON.— Corporate Life. 

A Sermon Preached before the University of Cambridge. By J. S. PURTON, 
B.D. Fellow and Tutor of St. Catherine's College. Svo. sewed. Is. 

RAMS AT.— The Catechiser's Mannal; or, the Church Cate- 
chism illustrated and explained, for the use of Clergymen, Schoolmasters, 
and Teachers. By ARTHUR RAMSAY, M.A. of Trinity College, 
Cambridge. 18mo. cloth, 3s. 6d. 

REICHEL.— The Lord's Prayer and other Sermons. 

By C. P. REICHEL, B.D., Professor of Latin in the Queen's University ; 
Chaplain to his Excellency the Lord-Lieutenant of Ireland ; and late Don- 
nellan Lecturer in the University of Dublin. Crown 8vo. cloth, 7s, 6d, 

ROBINSON.— Missions nrged upon the State, on Grounds 

both of Duty and Policy. By C. K. ROBINSON, M.A. Fellow and Assistant 
Tutor of St. Catherine's College. Fcap. 8vo. cloth, S«. 

RUTH AND HER FRIENDS. A Story for GMs. 

With a Frontispiece. Fcap. Svo. cloth, 5s. 

SALLUST.— Sallust for Schools. 

With EngUsh Notes. By CHARLES MERIVALE, B.D.; late FeUow «iid 
Tutor of St. John's College, Cambridge, &c.. Author of the « History of 
Rome," &c. Crown ^vo. cloth, 6s. 
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SEDGWICK AND MCCOY'S British* Palseozoic Fossils, 

Classified and Described. By Adam SIedg^tick, F. R.S., Professor of Geology 
in the University of Cambridge, and Fbkdekick M"Cot, F.G.S., Professor of 
Natural History. in the University of Melbourne. With numerous Plates. 
Two Vols. 4io. cMh, £2 2s, 

SELWYN.— The Work of Christ in the World. 

Sermons preached before the University of Cambridge. By the Right Her. 
GEORGE AUGUSTUS SELWYN, D.D. Bishop of New Zealand, formerly 
Fellow of St. John's College. Third Edition. Crown Svo. 2s, 

SELWYN.— A Verbal Analysis of the Holy Bible. 

Intended to facilitate the translation of the Holy Scriptures into Foreign 
Languages. Compiled for the use of the Melanesian Mission. Small folio, 
cloth, lis. 

SIMPSON.— An Epitome of the History of the Christian 

Church during the first Three Centuries and during the Reformation. With 
Examination Papers. By WILLIAM SIMPSON, M.A. Third Edition, 
Fcp. Svo. cloth, 5«. 

SMITH.— City Poems. 

By ALEXANDER SMITH, Secretary to the University of Edinburgh. 
Author of " A Life Drama," and other Poems. Fcap. 8vo. cloth. 5s, 

SMITH.— Arithmetic and Algebra, in their Principles and 

Application: with numerous systematically arranged Examples, taken from 
the Cambridge Examination Papers. With especial reference to the ordinary 
Examination for B. A. Degree. By BARNARD SMITH, M.A., Fellow of St. 
. Peter's College, Cambridge. Fifth Edition. Crown Svo. cloth, 10s, 6d, 

SMITH.— Arithmetic for the use of Schools. By BARNARD 

SMITH, M.A. Fellow of St. Peter's College. New Edition* Crown Svo. 
cloth, 4s. dd. 

SMITH.— A Key to the Arithmetic for Schools. 

Crown Svo. cloth, 8«. 6d, 

SNOWBALL.— The Elements of Plane and Spherical 

Trigonometry. By J. C. SNOWBALL, M.A. Fellow of St. John's College, 
Cambridge. Ninth Edition. Crown Svo. cloth, 7s, Bd, 

SNOWBALL.— Introduction to the Elements of Plane Trigo- 
nometry for the use of Schools. Second Edition. Svo. sewed, Ss, 

SNOWBALL. — The Cambridge Course of Elementary 

MeehanicB and Hydrostatics. Adapted for the use of Colleges and Schools. 
With numeioui Bzamplei and Problems. Fourth Edition. Crown Svo. 
cloth, 5s, 
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SWAIN80N.— A Handbook to Butler's Analogy. 

By C. A. 8WAINS0N, M.A. Principal of the Theological College, and 
Prebendary of Chichester. Crown 8fo. sewed, 2«. 

TAIT and STEELE.— A Treatise on Dynamics, with nnme- 

rous Examples. By P. G. TAIT, Fellow of St. Peter's College, Camhrldge, 
and Professor of Mathematics in Queen's College, Belfast, and W. J. STEELE, 
late Fellow of St. Peter's College. Crown 8vo. cloth, 10<. 6tf 

TA7L0R.— The Restoration of Belief. 

By ISAAC TAYLOR, Esq., Author of "The Natural History of Enthu- 
siasm." Crown 8to. cloth, 8«. 6d, 

THEOLOGICAL Mannals. 

CHURCH HISTORY: FROM GREGORY THE GREAT TO THE 

REFORMATION (a.d. 590—1600). By CHARLES HARDWICK. With 

Four Maps, 2 vols. Crown 8yo. cloth, price 1/. U, 
THE COMMON PRAYER : ITS HISTORY AND RATIONALE. By 

FRANCIS PROCTER. Third Editton. Crown 8vo. cloth, 10*. Cd. 
A HISTORY OF THE CANON OF THE NEW TESTAMENT. By 

B. F. WESTCOTT. Ciown 8vo. cloth, 12«. 6d. 
*«* Others are in progress, and will he announced in due time. 

THRING.— A Constming Book. 

Compiled by the Rev. EDWARD THRING, M.A. Head Master of Up- 
pingham Grammar School, late Fellow of King's College, Cambridge. Fcap. 
8vo. cloth, 2$, 6d. 

THRING.— The Elements of Grammar tanght in English. 

Second Bdition. 18mo. bound in cloth, 2s. 

THRING.--The Child's Grammar. 

Being the substance of the above, with Examples for Practice. Adapted for 
Junior Classes. A New Bditton. 18mo. limp cloth, l«. 

THRUPP.—Antient Jernsalem: a New Investigation into the 

History, Topography, and Plan of the City, Environs, and Temple. Designed 
principally to illustrate the records and prophecies of Scripture. With Map 
and Plans. By JOSEPH FRANCIS THRUPP, M.A. Vicar of Barrington, 
Cambridge, late Fellow of Trinity College. 8vo. cloth, I5«. 

THRUPP.- Psalms and Hymns for Pnhlic Worship. 

.18mo. cloth, 2i. ; limp cloth, It, 4d, 

THUGYDIDES, BOOK VI. With English Notes, and a Map. 

By PERCIVAL FROST, Jun. M.A. late Fellow of St. John'a College, 
Cambridge. 8vo. 7s, Sd, 
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TODHUNTER.— A Treatise on the Differential Calculas; and 

the £leineiit8 of the Integral Calculus. With numeroua Examples. By 
I. TODHUNTER, M.A., Fellow and Assistant Tutor of St. John's College, 
Cambridge. Second Bditton. Crown 8vo. cloth, 10«. 6d, 

TODHUNTEB.— A Treatise on the Integral Galcolas. 

With numerous Examples. Crown 8yo. cloth, lOs. 6d, 

TODHUNTEB. — A Treatise on Analytical Statics, with 

numerous Examples. Crown 8vo. cloth, 10s. 6d. 

TODHUNTEB— A Treatise on Conic Sections, with 

numerous Examples. Crown 8vo. cloth, 10«.6(f. 

TOM BBOWN'S SCHOOL DAYS. 

By AN OLD BOY. Fifth Edition. Crown 8vo. cloth, 10«. Bd. 

TBENCH.—Synonyms of the New Testament. 

By The Very Rev. RICHARD CHENEVIX TRENCH, D.D.Dean of West- 
minster. Third Edition. Fcap. 8yo. cloth, Ss. 

TBENCH.— Hulsean Lectures for 1845—46. 

Contents. 1.— The Fitness of Holy Scripture for unfoldhig the Spiritual Life 
of Man. 2. — Christ th6 Desire of all Nations ; or the Uncpnscious Pro- 
phecies of Heathendom. Third Edition. Foolscap 8vo. cloth, 5f. 

TRENCH.— Sermons Preached before the University of Camr 

bridge. Fcap. 8to. cloth, 2s. 6d. 

VAU6HAN.— Sermons preached in St John's Church, 

Leicester, during the years 1855 and 1856. By DAVID J. VAUGH AN, M.A. 
Fellow of Trinity College, Cambridge, and Incumbent of St. Mark's, White- 
chapel. Crown 8vo. cloth, 5s, 6d. 

WAGNEB.— Memoir of the Bev. George Wagner, late of St 

Stephen's, Brighton. By J. N. SI.MPKINSON, M.A. Rector of Brington, 
Northampton. Second BditiQn. Crown 8vo. cloth, 9s. 

WATEBS OF COMFOBT.— A Small Volnme of Devotional 

Poetry of a Practical Character. By the Author of '* Visiting my Relations.'* 
Fcap. 8to. cloth, 4s. 

WESTCOTT.— A general View of the History of the Canon of 

the New Testament during the First Four Centuries. By BROOKE FOSS 
WESTCOTT, M.A., Assistant Master of Harrow School; late Fellow oC 
Trinity College, Cambridge. Crown 8yo. cloth, I2s. ed. 

*«* This forms part of the Series of Theological Manuals. 
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WILBON.--The Fiv« Gateways of Enowledge." 

By GEORGE WILSON, M.B., F.R,S.E., Regius Professor of Technology in 
the Unirersity of Edinburgh. Second Edition. Fcap. 8vo. cloth, 2s. 6d. 
or in Paper Covers, Is. 

WILSON.— A Treatise on Dynamics. ' 

By W. P. WILSON, M.A., Fellow of St. John's, Cambridge, and Professor of 
Mathematics in the University of Melbourne. 8vo. bds. 9«. 6d. 

WRIGHT.— HeUenica ; or, a History of Greece in Greek, 

aa related by Diodorus and Thucydidea, being a First Greek Construing 
Book, with Explanatory Notes, Critical and Historical. By J. WRIGHT, 
M.A., of Trinity College, Cambridge, and Head-Master of Sutton Coldfield 
Grammar School. Second Edition^ with a Vocabvlart. 12mo. 
cloth, 3s. 6d. 

WRIGHT.— A Help to Latin Grammar ; 

or, the Form and Use of Words in Latin. With ^Progressive Exercises. 
Crown 8vo. cloth, 4s. 6d, 

WRIGHT.— The Seven ESngs of Rome : 

An easy Narrative, abridged tram the First Book of Livy by the omission of 
difficult passages, being a First Latin Construing Book, with Grammatical 
Notes, leap. 8vo. cloth, 3s. 

WRIGHT.— A Vocabnlary and Exercises on the "Seven 

Kings of Rome." Fcap. 8vo. cloth, 2s. 6d, 
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